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Abstract. Computing a lower bound for the canonical height is a crucial
step in determining a Mordell–Weil basis of an elliptic curve. This paper
presents a new algorithm for computing such lower bound, which can
be applied to any elliptic curves over totally real number fields. The
algorithm is illustrated via some examples.

1 Introduction

Computing a lower bound for the canonical height is a crucial step in determining
a set of generators in Mordell–Weil basis (See [7] for full detail). To be precise,
the task of explicit computation of Mordell–Weil basis for E(K), where K is a
number field, consists of:

1. A 2-descent (or possibly higher m-descent) is used to determine P1, . . . , Ps,
a basis for E(K)/2E(K) (or E(K)/mE(K) respectively).

2. A lower bound λ > 0 for the canonical height ĥ(P ) is determined. This
together with the geometry of numbers yields an upper bound on the index
n of the subgroup of E(K) spanned by P1, . . . , Ps.

3. A sieving procedure is used to deduce a Mordell–Weil basis for E(K).

In Step 2, we certainly wish to have the index n as small as possible. In
particular, P1, . . . , Ps will certainly be a Mordell–Weil basis of E(K) if n < 2. It
then turns out that, in order to have a smaller index, we need to have a larger
value of the lower bound. This can be seen easily from the following theorem.

Theorem 1. Let E be an elliptic curve over K. Suppose that E(K) contains no
points P of infinite order with ĥ(P ) ≤ λ for some λ > 0. Suppose that P1, . . . , Ps
generate a sublattice of E(K)/Etors(K) of full rank s ≥ 1. Then the index n of
the span of P1, . . . , Ps in such sublattice satisfies

n ≤ R(P1, . . . , Ps)1/2(γs/λ)s/2 ,

where R(P1, . . . , Ps) = det(〈Pi, Pj〉)1≤i,j≤s and

〈Pi, Pj〉 =
1
2

(ĥ(Pi + Pj)− ĥ(Pi)− ĥ(Pj)) .



Moreover,
γ1
1 = 1, γ2

2 = 4/3, γ3
3 = 2, γ4

4 = 4,
γ5
5 = 8, γ6

6 = 64/3, γ7
7 = 64, γ8

8 = 28,

and γs = (4/π)Γ (s/2 + 1)2/s for s ≥ 9.

Proof. See [7, Theorem 3.1]. ut

In the past, a number of explicit lower bounds for the canonical height on
E(K) has been proposed, including [6, Theorem 0.3]. Although this lower bound
has some good properties and is model-independent, it is rather not suitable
to computation. For K = Q, there is recently a better lower bound given by
Cremona and Siksek [5]. This paper is therefore a generalisation of their work.
In particular, we will focus on the case when K is a totally real number field.

This work is part of my forthcoming PhD thesis. I wish to thank my super-
visor Dr Samir Siksek for all his useful suggestions during the preparation of
this paper. I am also indebted to the Development and Promotion of Science
and Technology Talent Project (DPST), Ministry of Education of Thailand, for
their sponsorship and financial support for my postgraduate study.

1.1 Points of Good Reduction

Suppose K is a totally real number field of degree r = [K : Q]. Let E be an
elliptic curve defined over K with discriminant ∆. We define the map

φ : E(K)→
∏
v∈S

E(v)(Kv) ,

with S = {∞1, . . . ,∞r} ∪ {p : p | ∆}, in such a way that P is mapped into
its corresponding point on each real embedding E1, . . . , Er (according as the
archimedean places∞1, . . . ,∞r on K) and its corresponding point on each E(v),
a minimal model of E at a non-archimedean place v. It is well-known that if K
has class number greater than 1, E may not have a globally minimal model, i.e.
E(v) may differ for different v.

Instead of working directly on E(K), the method we use is to determine a
lower bound µ for the canonical height of non-torsion points on the subgroup

Egr(K) = φ−1

(∏
v∈S

E
(v)
0 (Kv)

)
,

where E(v)
0 (Kv) is the connected component of the identity for archimedean v,

and the set of points of good reduction for non-archimedean v. In other words,
Egr(K) is the set of points of good reduction on every E(v)(Kv).

Once µ is determined, we can easily deduce the lower bound for the canonical
height on the whole E(K): let c be the least common multiple of the Tamagawa
indices cv = [E(v)(Kv) : E(v)

0 (Kv)] (including at v = ∞1, . . . ,∞r). This is
well-defined since cv = 1 for almost all places v. Then the lower bound for the
canonical height of all non-torsion points in E(K) is given by λ = µ/c2.



Remark 1. Let v be a non-archimedean place. Suppose E is given by a Weier-
strass equation with all coefficients in Ov = {x ∈ K : ordv(x) ≥ 0}. Let ∆ and
c4 be the constants as defined in Section 2. Then E is minimal at v if either
ordv(∆) < 12, or ordv(c4) < 4.

2 Heights

Throughout this paper, we first define the usual constants of an elliptic curve

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 ,

with a1, a2, a3, a4, a6 ∈ OK , in the following way (See [8, p.46]):

b2 = a2
1 + 4a2, b4 = 2a4 + a1a3,

b6 = a2
3 + 4a6, b8 = a2

1a6 + 4a2a6 − a1a3a4 + a2a
2
3 − a2

4,
c4 = b22 − 24b4, c6 = −b32 + 36b2b4 − 216b6,
∆ = −b22b8 − 8b34 − 27b26 + 9b2b4b6 .

Also let

f(P ) = 4x(P )3+b2x(P )2+2b4x(P )+b6, g(P ) = x(P )4−b4x(P )2−2b6x(P )−b8,

so that x(2P ) = g(P )/f(P ).
In this paper, we use the definition of local and canonical heights as in [4],

which is analogous to the one in Cremona’s book [3]. This has the same normal-
isation as the one implemented in MAGMA package, so that both heights can
be compared directly. Note that normalisation of heights varies in literature. In
particular, our normalisation is twice the one used in Silverman’s paper [9].

Denote MK the set of all places of K. For P ∈ E(K), define the naive height
of P by

HK(P ) =
∏

v∈MK

max{1, |x(P )|v}nv ,

where nv = [Kv : Qv]. Observe that

HK(2P ) =
∏

v∈MK

max{|f(P )|v, |g(P )|v}nv .

The archimedean places ∞1,∞2, . . . ,∞r correspond to the real embeddings
σ1, σ2, . . . , σr : K → R, while all non-archimedean places are simply all prime
ideals p in OK . For x ∈ K and v ∈MK , the absolute value of x at v is given by

|x|v =
{
|σj(x)| if v =∞j ,
N (p)−ordp(x)/np if v = p, a prime ideal ,

where N (p) is the norm of p. It is verified that this definition satisfies all axioms
of valuation theory and the product formula

∏
v∈MK

|x|nv
v = 1. From now on,

we shall denote |x|∞j by |x|j .



The logarithmic height of P is then defined by

h(P ) =
1
r

logHK(P ) .

With these definitions, it can be deduced that

h(2P )− 4h(P ) =
1
r

∑
v∈MK

nv logΦv(P ) ,

where

Φv(P ) =


max{|f(P )|v, |g(P )|v}

max{1, |x(P )|v}4
if P 6= O ,

1 if P = O .

Using the definition of canonical height :

ĥ(P ) = lim
n→∞

h(2nP )
4n

,

and the telescoping sum trick, we have

ĥ(P ) = h(P )+
[
h(2P )

4
− h(P )

]
+
[
h(22P )

42
− h(2P )

4

]
+. . . =

1
r

∑
v∈MK

nvλv(P ) ,

where

λv(P ) = log max{1, |x(P )|v}+
∞∑
i=0

logΦv(2iP )
4i+1

. (1)

Such function λv : E(Kv) → R is called the local height at v. This allows us to
obtain ĥ(P ) by combining the contribution of λv on each local model E(Kv).

2.1 The Non-Archimedean Local Heights

We shall first consider the properties of λv when v is non-archimedean (i.e.
v = p).

For P ∈ E(K), let P (p) be its corresponding point (via the map φ) on the
minimal model E(p). Let λp be the local height associated to E, and λ

(p)
p be

the local height associated to E(p). Assume that E is integral and E(p) has
all coefficients in Op, we denote ∆ and ∆(p) the discriminants of E and E(p)

respectively. These values are related by ∆ =
(
u(p)

)12
∆(p), for some u(p) ∈ Op.

The following lemma illustrates the relation between λp and λ
(p)
p .

Lemma 1.
λp(P ) = λ

(p)
p (P (p)) +

1
6

log |∆/∆(p)|p .

Proof. See [4, Lemma 4]. ut



Now for P ∈ Egr(K), it follows that P (p) ∈ E(p)
0 (Kp) at every prime ideal p.

In this case, we can easily compute λ(p)
p (P (p)) with the following lemma.

Lemma 2. Let p be a prime ideal and P (p) ∈ E(p)
0 (Kp) \ {O} (i.e. P is a point

of good reduction). Then

λ
(p)
p (P (p)) = log max{1, |x(P (p))|p} .

Proof. This is a standard result. See, for example, in [9, Section 5]. ut

Note that we may write the principal ideal 〈x(P (p))〉 = AB−1, where A,B
are coprime integral ideals. We call B the denominator ideal of x(P (p)), denoted
by denom(x(P (p))).

The next result is immediate from above lemmas and the definition of ĥ(P ).

Lemma 3. Suppose P ∈ Egr(K) \ {O}. Then

ĥ(P ) =
1
r

 r∑
j=1

λ∞j
(P ) + L(P )− 1

6
logN

(∏
p

pordp(∆/∆(p))

) ,

where

L(P ) = logN

 ∏
p|denom(x(P (p)))

p−ordp(x(P (p)))

 .

Proof. From the definition of ĥ(P ), we have

ĥ(P ) =
1
r

∑
v∈MK

nvλv(P ) =
1
r

 r∑
j=1

λ∞j
(P ) +

∑
p

npλp(P )

 , (2)

where (2) follows after we note that

n∞j
= [K∞j

: Q∞j
] = [R : R] = 1, for j = 1, . . . , r .

From Lemma 1, we have∑
p

npλp(P ) =
∑

p

npλ
(p)
p (P (p)) +

1
6

∑
p

np log |∆/∆(p)|p

=
∑

p

np log max{1, |x(P (p))|p}+
1
6

∑
p

np log |∆/∆(p)|p . (3)

The last equality follows from Lemma 2, since by assumption P ∈ Egr(K) (so
that P (p) ∈ E(p)

0 (Kp) for all p). Now recall that

|x(P (p))|p = N (p)−ordp(x(P (p)))/np .



Then for every p such that |x(P (p))|p ≤ 1, the term log{1, |x(P (p))|p} will vanish.
Thus all p that yield a non-zero value to the first sum in (3) are ones such that
|x(P (p))|p > 1, i.e. those which divide the denominator ideal of x(P (p)). By
definition of absolute value and this fact, the first sum in (3) becomes

∑
p

np log max{1, |x(P (p))|p) = logN

 ∏
p|denom(x(P (p)))

p−ordp(x(P (p)))

 = L(P ).

Similarly, the second sum in (3) becomes

1
6

∑
p

np log |∆/∆(p)|p = −1
6

logN

(∏
p

pordp(∆/∆(p))

)
.

Combining these two equalities with (2) yields the result. ut

2.2 The Archimedean Local Height Difference

We now consider the archimedean local heights λv, i.e. when v = ∞1, . . . ,∞r.
For j = 1, . . . , r, define

α−3
j = inf

P∈Ej
0(R)

Φ∞j (P ) .

The exponent −3 is introduced to simplify expressions appearing later. These
α1, . . . , αr can be easily computed by method given in [7] with some adjustment.

The following lemma follows directly from the definition of local height.

Lemma 4. If P ∈ Ej0(R) \ {O}, then

log max{1, |x(P )|j} − λ∞j
(P ) ≤ logαj .

Proof. Rearrange (1) and use the fact that
∞∑
i=0

logΦ∞j
(2iP )

4i+1
≥
∞∑
i=0

log(α−3
j )

4i+1
= − logαj .

ut

3 Multiplication by n

In this section, we will derive a lower estimate for the contribution that multipli-
cation by n makes towards ĥ(nP ). This will be useful later in the next section.

Let kp be the residue class field of p, and ep be the exponent of the group
E

(p)
ns (kp) ∼= E

(p)
0 (Kp)/E(p)

1 (Kp). Define

DE(n) =
∑

p prime
ep|n

2(1 + ordc(p)(n/ep)) logN (p) ,

where c(p) is the characteristic of kp. Note that kp is a finite field, so c(p) is
always a prime number. In particular, N (p) = |kp| ≤ c(p)r.



Proposition 1. If ep | n, then N (p) ≤ (n + 1)max{2,r}. Hence DE(n) is finite.
Moreover, if P is a non-torsion point in Egr(K) and n ≥ 1, then

ĥ(nP ) ≥ 1
r

 r∑
j=1

λ∞j (nP ) +DE(n)− 1
6

logN

(∏
p

pordp(∆/∆(p))

) .

Proof. Suppose ep | n. If E(p) has bad reduction at p, then ep is c(p), N (p)− 1,
or N (p) + 1 depending on whether E(p) has additive, non-split multiplicative,
or split multiplicative reduction at p. In either case, this implies

n ≥ ep ≥ N (p)1/r − 1 ,

and thus N (p) ≤ (n+ 1)r. Now for p at which E(p) has good reduction, we have

E(p)
ns (kp) = E(p)(kp) ∼= Z/d1Z⊕ Z/d2Z ,

where d1 | d2 and d2 = ep. Hence by Hasse’s theorem,

(
√
N (p)− 1)2 ≤ |E(p)

ns (kp)| = d1d2 ≤ e2p ≤ n2 .

Thus N (p) ≤ (n+ 1)2. Putting this together yields N (p) ≤ (n+ 1)max{2,r}.
The second part follows directly from Lemma 3 once we can show that

L(nP ) ≥ DE(n). To show this, first note that P ∈ Egr(K) implies P (p) ∈
E

(p)
0 (Kp) for every p. Define E(p)

n (Kp) = {P ∈ E(p)
0 (Kp) : ordp(x(P )) ≤ −2n}.

Then it is known (see [2, Lemma 7.3.28]) that for all n ≥ 1,

E(p)
n (Kp)/E(p)

n+1(Kp) ∼= k+
p
∼= (Z/c(p)Z)t ,

for some t ∈ Z+. Let e(p) = ordc(p)(n/ep). Then nP (p) ∈ E(p)
e(p)+1(Kp), i.e.

ordp(denom(x(nP (p)))) ≥ 2(e(p) + 1) .

This implies that ep | n is equivalent to p | denom(x(nP (p))). Hence∏
p|denom(x(nP (p)))

N (p)−ordp(x(nP (p))) ≥
∏

p prime
ep|n

N (p)2(e(p)+1) .

Taking logarithm both sides proves our claim. ut

4 A Bound for Multiples of Points of Good Reduction

We now wish to show whether a given µ > 0 satisfies ĥ(P ) > µ for all non-torsion
P ∈ Egr(K). Suppose there exists a non-torsion P ∈ Egr(K) with ĥ(P ) ≤ µ.
Then for each Ej(R) we will obtain a sequence of inequalities satisfied by the
x-coordinates of the multiples nP , for n = 1, . . . , k. With suitable µ and k,



the system of inequalities on some Ej(R) may have no solution, which implies
h(P ) > µ. In this section we will show how to derive such inequalities.

Let αj and DE be defined as before. For µ > 0 and n ∈ Z+, define

Bn(µ) = exp

rn2µ−DE(n) +
r∑
j=1

logαj +
1
6

logN

(∏
p

pordp(∆/∆(p))

) .

Proposition 2. If Bn(µ) < 1 then ĥ(P ) > µ for all non-torsion points on
Egr(K). On the other hand, if Bn(µ) ≥ 1 then for all non-torsion points P ∈
Egr(K) with ĥ(P ) ≤ µ, we have

|x(nP )|j ≤ Bn(µ) ,

for all j = 1, . . . , r.

Proof. Suppose there exists a non-torsion point P ∈ Egr(K) with ĥ(P ) ≤ µ.
From Lemma 4, we have

log max{1, |x(nP )|j} − λ∞j
(nP ) ≤ logαj ,

for all j = 1, . . . , r. This implies that
r∑
j=1

log max{1, |x(nP )|j} ≤
r∑
j=1

λ∞j
(nP ) +

r∑
j=1

logαj . (4)

By Proposition 1 and our assumption that ĥ(P ) ≤ µ, we have

r∑
j=1

λ∞j
(nP ) ≤ rĥ(nP )−DE(n) +

1
6

logN

(∏
p

pordp(∆/∆(p))

)

≤ rn2µ−DE(n) +
1
6

logN

(∏
p

pordp(∆/∆(p))

)
. (5)

Combining (4) and (5) and taking exponential, we obtain

r∏
j=1

max{1, |x(nP )|j} ≤ Bn(µ) .

Clearly the left-hand side of this inequality is at least 1. Thus, if Bn(µ) < 1 we
simply obtain a contradiction, i.e. ĥ(P ) > µ for every non-torsion P ∈ Egr(K).

On the other hand, by considering all different cases of |x(nP )|j , it is easy
to see that every case implies that |x(nP )|j ≤ Bn(µ) for all j = 1, . . . , r. ut

Corollary 1. Let q be a prime ideal such that

N (q) >
r∏
j=1

α
1/2
j · N

(∏
p

pordp(∆/∆(p))

)1/12

, (6)



and set n = eq and

µ0 =
1
rn2

DE(n)−
r∑
j=1

logαj −
1
6

logN

(∏
p

pordp(∆/∆(p))

) .

Then µ0 > 0, and in particular, ĥ(P ) ≥ µ0 for all non-torsion point P ∈ Egr(K).

Proof. Suppose q is a prime ideal satisfying (6). By definition of DE(n), we have

DE(n) ≥ 2 logN (q) >
r∑
j=1

logαj +
1
6

logN

(∏
p

pordp(∆/∆(p))

)
,

which implies that µ0 > 0. Then for any µ < µ0, we have

rn2µ−DE(n) +
r∑
j=1

logαj +
1
6

logN

(∏
p

pordp(∆/∆(p))

)

< rn2µ0 −DE(n) +
r∑
j=1

logαj +
1
6

logN

(∏
p

pordp(∆/∆(p))

)
= 0 ,

and thus Bn(µ) < 1. Hence ĥ(P ) > µ for all non-torsion point P ∈ Egr(K) by
Proposition 2. Since this is true for all µ < µ0, then ĥ(P ) ≥ µ0 as required. ut

It is possible to derive a lower bound for any points on Egr(K) by Corollary
1 alone. However, our practical experience shows that the bound derived from
this corollary itself is not as good as the bound obtained by collecting more
information on x(nP ). This claim will be illustrated later in our examples.

5 Solving Inequalities Involving the Multiples of Points

From Proposition 2, we know that every non-torsion point P ∈ Egr(K) with
ĥ(P ) ≤ µ must satisfy |x(nP )|j ≤ Bn(µ) for all j = 1, . . . , r. This means that
we need to consider r elliptic curves over R, say

Ej : y2 + σj(a1)xy + σj(a3)y = x3 + σj(a2)x2 + σj(a4)x+ σj(a6) ,

for j = 1, . . . , r. In other words, we need to consider σj(nP ) over Ej0(R). To prove
that ĥ(P ) > µ for all non-torsion P ∈ Egr(K), we shall derive a contradiction
from these inequalities using an application of elliptic logarithm.

5.1 Elliptic Logarithm

An elliptic logarithm is an isomorphism ϕ : E0(R)→ R/Z ∼= [0, 1). This can be
rapidly computed by method of arithmetic-geometric means. In our program,
we use the algorithm in Cohen’s book [1, Algorithm 7.4.8] for this computation.



We wish to apply elliptic logarithm to solving our inequalities on these r real
embeddings. For j = 1, . . . , r, let

On Ej : fj(x) = 4x3 + σj(b2)x2 + 2σj(b4)x+ σj(b6) .

Note that we can rewrite the Weierstrass equation of Ej as

fj(x) = (2y + σj(a1)x+ σj(a3))2 .

Denote βj the largest real root of fj . On each Ej , we define the corresponding
elliptic logarithm ϕj as follows: let

Ωj = 2
∫ ∞
βj

dx√
fj(x)

.

Then for a point P = (ξ, η) ∈ Ej0(R) with 2η + σj(a1)ξ + σj(a3) ≥ 0, we let

ϕj(P ) =
1
Ω j

∫ ∞
ξ

dx√
fj(x)

,

otherwise, let ϕj(P ) = 1− ϕj(−P ).
Suppose that ξ is a real number satisfying ξ ≥ βj . Then there exists η such

that 2η + σj(a1)ξ + σj(a3) ≥ 0 and (ξ, η) ∈ Ej0(R). Define

ψj(ξ) = ϕj((ξ, η)) ∈ [1/2, 1) .

In words, ψj(ξ) is the elliptic logarithm of the “higher” of the two points on
Ej0(R) with x-coordinate ξ.

For real ξ1, ξ2 with ξ1 < ξ2, we define the subset Sj ⊂ [0, 1) as follows:

Sj(ξ1, ξ2) =

∅ if ξ2 < βj ,
[1− ψj(ξ2), ψj(ξ2)] if ξ1 < βj ≤ ξ2 ,
[1− ψj(ξ2), 1− ψj(ξ1)] ∪ [ψj(ξ1), ψj(ξ2)] if ξ1 ≥ βj .

The following lemma is clear.

Lemma 5. Suppose ξ1 < ξ2 are real numbers. Then P ∈ Ej0(R) satisfies ξ1 ≤
x(P ) ≤ ξ2 if and only if ϕj(P ) ∈ Sj(ξ1, ξ2).

If
⋃

[ai, bi] is a disjoint union of intervals and t ∈ R, we define

t+
⋃

[ai, bi] =
⋃

[ai + t, bi + t], t
⋃

[ai, bi] =
⋃

[tai, tbi] (for t > 0) .

Proposition 3. Suppose ξ1 < ξ2 are real numbers, and n > 0 is an integer. Let

Sjn(ξ1, ξ2) =
n−1⋃
t=0

(
t

n
+

1
n
Sj(ξ1, ξ2)

)
.

Then P ∈ Ej0(R) satisfies ξ1 ≤ x(nP ) ≤ ξ2 if and only ϕj(P ) ∈ Sjn(ξ1, ξ2).



Proof. By Lemma 5, P ∈ Ej0(R) satisfies ξ1 ≤ x(P ) ≤ ξ2 if and only if ϕj(P ) ∈
Sj(ξ1, ξ2). Denote the multiplication-by-n map on R/Z by νn. If δ ∈ [0, 1), then

ν−1
n (δ) =

{
t

n
+
δ

n
: t = 0, 1, 2, . . . , n− 1

}
.

But since ϕj is an isomorphism, we have ϕj(nP ) = nϕj(P ) (mod 1). Hence

ϕj(nP ) ∈ Sj(ξ1, ξ2)⇐⇒ ϕj(P ) ∈ ν−1
n (Sj(ξ1, ξ2)) = Sjn(ξ1, ξ2) .

ut

6 The Algorithm

Combining all results we have so far, we obtain our main theorem.

Theorem 2. Given µ > 0. If Bn(µ) < 1 for some n ∈ Z+, then ĥ(P ) > µ for
every non-torsion point P ∈ Egr(K). Otherwise, if Bn(µ) ≥ 1 for n = 1, . . . , k,
then every non-torsion point P ∈ Egr(K) such that ĥ(P ) ≤ µ satisfies

ϕj(σjP ) ∈
k⋂

n=1

Sjn(−Bn(µ), Bn(µ)) ,

for all j = 1, . . . , r. In particular, if one of above r intersections is empty, then
ĥ(P ) > µ for all non-torsion P ∈ Egr(K).

To use the algorithm, first we give an initial lower bound µ and the number
of steps k. In practice, we find that the initial choice of µ = 1 and k = 5 is useful.

We start by computing Bn(µ) for n = 1, . . . , k. If Bn(µ) < 1 for some n,
then we deduce that ĥ(P ) > µ for every non-torsion P ∈ Egr(K). Otherwise, we
compute

⋂k
n=1 Sjn(−Bn(µ), Bn(µ)) for j = 1, . . . , r. If the intersection is empty

for some j, then again ĥ(P ) > µ for every non-torsion P ∈ Egr(K). However, if
none of r intersections is empty, we fail to show that µ is a lower bound.

We can refine µ further until a sufficient accuracy is achieved: if µ is shown to
be a lower bound, we increase µ by some factor, say, 1.1. Otherwise, we decrease
µ and increase k, say, by multiplying µ by 0.9 and increasing k by 1. Then we
repeat the above with new µ (and possibly new k).

Finally, we return the last value of µ which is known to be a lower bound.

7 Remark

Unlike [6], our lower bound is not model-independent. For example, the values αj
defined in Section 2.2 depend on b2, b4, b6, and b8. Thus we may obtain different
values of lower bound if we work with different models of E. At this point, we are
however not to decide which model of E maximises the lower bound. Moreover,
our formulae can be simplified if E is a globally minimal model. Note that this
may not be the case if E is defined over a field K of class number at least 2.



8 Examples

We have implemented our algorithm in MAGMA to illustrate some examples.

Example 1. Consider the elliptic curve E over K = Q(
√

2) given by

E : y2 = f(x) = x3 + x+ (1 + 2
√

2) .

The discriminant ∆ of E is −3952− 1728
√

2. Moreover, 〈∆〉 = p8
1p

2
2p3, where

p1 = 〈
√

2〉, p2 = 〈7, 3 +
√

2〉, p3 = 〈769, 636 +
√

2〉 .

Hence by Remark 1, E is minimal at every prime ideal, and thus it is globally
minimal. Our program shows that for any non-torsion point P ∈ Egr(K),

ĥ(P ) > 0.2415 .

This is obtained after a number of refinements as shown in Table 1.

Table 1. Illustration of algorithm for Example 1

Initial Initial Is any Is any intersection Is µ a Next Next
µ k Bn(µ) < 1? empty? lower bound? µ k

1.0000 5 No No Fail 0.5000 6
0.5000 6 No No Fail 0.2500 7
0.2500 7 No No Fail 0.1250 8
0.1250 8 Yes Skipped Yes 0.1875 8
0.1875 8 No Yes Yes 0.2187 8
0.2187 8 No Yes Yes 0.2343 8
0.2343 8 No Yes Yes 0.2421 8
0.2421 8 No No Fail 0.2382 9
0.2382 9 No Yes Yes 0.2402 9
0.2402 9 No Yes Yes 0.2412 9
0.2412 9 No Yes Yes 0.2416 9
0.2416 9 No No Fail 0.2414 10
0.2414 10 No Yes Yes 0.2415 10
0.2415 10 No No Fail 0.2415 11
0.2415 11 No Yes Yes

On the other hand, the lower bound for Egr(K) derived from Corollary 1 is
not as good as this one. In this example, we have

α1 = 1.096562, α2 = 1.001830 ,

which gives α1α2 = 1.098569 We now choose a prime ideal p whose norm is
greater than

√
α1α2, and set n = ep. To minimise n, we choose p = 〈

√
2〉 to get

n = ep = 2. Then we have DE(2) = 1.386294 and finally

µ0 = (1.386294− log(1.098569))/8 = 0.1615 .



The Tamagawa indices at p1, p2, p3 are 4, 2, and 1 respectively. Moreover,
since σ1(f) and σ2(f) both have one real root, we have c∞1 = c∞2 = 1. Hence
c = 4, and thus for any non-torsion point P ∈ E(K),

ĥ(P ) > 0.2415/16 = 0.0150 .

It can be checked that the torsion subgroup of E(K) is trivial, and the point
P = (1, 1 +

√
2) ∈ E(K). Using MAGMA, we know that ĥ(P ) = 0.5033, and the

rank of E(K) is at most 1. Hence E(K) has rank 1. By Theorem 1, we obtain

n = [E(K) : 〈P 〉] ≤
√

0.5033/0.0150 = 5.7739 .

Example 2. Consider the elliptic curve E over K = Q(
√

7) defined by

E : y2 + (3 + 3
√

7)xy + y = f(x) = x3 + (26 + 4
√

7)x2 + x .

The discriminant ∆ of E is −937513−299394
√

7. Moreover, 〈∆〉 = p1p2p3, where

p1 = 〈4219, 1083 +
√

7〉, p2 = 〈4657, 3544 +
√

7〉, p3 = 〈12799, 5358 +
√

7〉 .

Hence by Remark 1, E is minimal at every prime ideal p, so it is a globally
minimal model. Our program shows that for any non-torsion point P ∈ Egr(K),

ĥ(P ) > 0.1415 .

The Tamagawa indices at p1, p2, p3 are all 1. Also c∞1 = c∞2 = 2 since
both σ1(f) and σ2(f) have 3 real roots. Hence c = 2. Then for any non-torsion
P ∈ E(K), we have

ĥ(P ) > 0.1415/4 = 0.0353 .

In this example, the torsion subgroup of E(K) is trivial. Let P1 = (0, 0) and
P2 = (1,

√
7). It can be verified that both points are on E(K), and

ĥ(P1) = 0.8051, ĥ(P2) = 1.4957 .

Hence by computing the height pairing matrix, we have

R(P1, P2) = det
(
〈P1, P1〉 〈P1, P2〉
〈P2, P1〉 〈P2, P2〉

)
=
∣∣∣∣ 0.8051 −0.1941
−0.1941 1.4957

∣∣∣∣ = 1.1665 6= 0 .

Therefore P1 and P2 are independent. From MAGMA, we know that the rank of
E(K) is at most 2. Hence E(K) has rank 2. By Theorem 1, we finally obtain

n = [E(K) : 〈P1, P2〉] ≤
(
√

1.1665)(2/
√

3)
0.0353

= 35.2450 .

Example 3. Let E be the elliptic curve over K = Q(
√

10) given by

E : y2 = f(x) = x3 + 125 .



Note that K has class number 2. By decomposing the discriminant ∆ of E, it
can be seen that 〈∆〉 = 〈−243356〉 = p12

1 p3
2p

3
3p

8
4, where

p1 = 〈5,
√

10〉, p2 = 〈3, 4 +
√

10〉, p3 = 〈3, 2 +
√

10〉, p4 = 〈2,
√

10〉 .

By calculating the constant c4 of E, we have c4 = 0 and so ordp(c4) = ∞ 6< 4.
Hence by Remark 1, E is minimal everywhere except at p1. By substituting

x = (
√

10)2x′, y = (
√

10)3y′,

we have a new elliptic curve E′ : y′2 = x′
3 + 1/8. Now E′ is minimal at p1 and

elsewhere, except at all prime ideals dividing 2. Thus we let E(p1) = E′ and
E(p) = E for any p 6= p1 in our computation. Our program shows that

ĥ(P ) > 0.2859 ,

for every non-torsion P ∈ Egr(K).
The Tamagawa indices at p1, p2, p3, p4 are 1, 2, 2, and 1 respectively. More-

over, σ1(f) and σ2(f) both have only one real root, so c∞1 = c∞2 = 1. Thus
c = 2, and hence for any non-torsion point P ∈ E(K), we have

ĥ(P ) > 0.2859/(22) = 0.0714 .

It can be checked that the point P = (5, 5
√

10) ∈ E(K). From MAGMA, we
know that ĥ(P ) = 0.6532, and the rank of E(K) is at most 1. Hence E(K) must
have rank 1. Finally by Theorem 1, we have

n = [E(K) : 〈P 〉] ≤
√

0.6532/0.0714 = 3.0229 .
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