Limit Problemleri

Muharrem Sahin

Problem =1

neN" olmak lzere,

lim Yn =1 oldugunu gésteriniz.
Nn—o

Cazum
V1+n =1+f(n) olsun.

f(n) > 0 olacadi acgiktir.
W+n=1+f(n) = 1+n=[1+f(n)]

sag tarafi
acalim:

Binom Teoremine gore

n(n+1)
2!

[fn

l+n=1+n-f(n)+

TR +...

:>1+n21+n(n+1)
2
2n

=0< [f(n)]2 < HneD)

. . 2 . 2n
I 0O)< I f <
= n!;]go( ) nilgo[ (n)] nilgo n(n+1)

= 0< lim[f(n)] <0

Nn—o

= lim [f(n)]* =0

Nn—o

= limf(n)=0

Nn—oo

= limY1+n=1 bulunur.

Nn—o

Bu sonucu problemimizin ¢ézimuinde
kullanalim:

M <¥n<W1+n
S IlimY<limYn<limWY+n
N—oo N—o0 N—o0

1

= lim(@)" < lim Yn < lim Y1+n

N—oo N—o0 N—oo
=1<limY<1
N—oo
= limWYn=1
N—oo

elde edilir.

Problem -2

x € R* olmak tzere,
1

X

lim x( ) =1 oldugunu gosteriniz.

X—>0

Cazum
1. yol

neN" olmak lzere,
n<x<n+1 olsun.
Her n dederi igin,

Yn>1ve limWYn=1 olmasi,
Nn—o

en azindan n’'nin buyuk dederleri igin,

(n+ 1)($j < xi < n(Hj

siralamasini yapmamiza olanak verir.

(n+ 1)($j < xi < n(ﬁj

1 1 (lj
= lim (n+1)(ﬁj < lim xX < lim n\"
n—o X—>00 n—o

1

=1<IlimxX <1
X—0

1

= lim xX =1 elde edilir.
X—0

2.yol (L'Hospital Kurali ile)
: 1
y=xX = Iny==.Inx
X
. . Inx
= limIny = lim —
X—>0 X—wo X

Buradaki, ® belirsizligi tarevle giderilir:
0

1
. . Inx . .
liminy = lim —= = limlny=IlmX=0
X—>0 X—mo X X—>0 X—> o0
1
= limy-= e® = limxx =1 bulunur.
X—>0 X—>0
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Problem -3

x € R* olmak tzere,

lim x* dederini bulunuz.
x—0"

CGz2um

1. yol

X =1 dénlsima yapalhm.

X, 0’a sagdan yaklasirken
t, +wo‘a raksayacaktir.
1

lim xX = lim (ljt = lim 1 _ 1

x—0" tow tow (1) (1)
t'V lim t\t

X—>0

Problem-2'nin sonucunu kullanarak;

= lim xle = lim x* =1
x—0* 1 x—0*

elde edilir.

2. yol

lim x* =L deyip x=2t doénisimi
x—0*

yapalim:
lim x* =L
x—0*
=L = lim (2t)" = lim (27" ¢*)
t—0* t—0*
2
=(Iim 4t)-( lim ttj
t—>0" t—>0"
=>L=1-12

=L=0 veya L=1 bulunur.

n

O<m<n<1iken m™ >n" olur.

O halde;

L= lim xX* =1 olmaldir.
x—0"

2. yol (L'Hospital Kural ile)
y=x* = Iny=x-Inx
. . Inx . Inx
= limlny = lim — = lim ——
x—0 Xx—>0 X x—0 l
X

Buradaki, ® belirsizligi tarevle giderilir:
0

. . Inx
liminy = lim —
X—0 X—0 l

X
1
X 0

= limlny = lim =0 = limy=e
X—0 x—=>0 X—>00

X2

= lim x*=1 bulunur.

Problem -4

x € R* olmak tzere,

. Inx N
lim —— degerini bulunuz.

x—0" X

CGéz2um

Burada bir belirsizlik yoktur.
. Inx . 1 .
lim — = lim = lim Inx
x—0" X x—0" X x—-0*
. Inx

= |lim —=(+oo)-(—oo)
x—0" X
. Inx

= |lim — =
x—0" X

olur.
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Problem -5

x € R* olmak lzere,

. 1 o
lim | =+Inx| degerini bulunuz.
x—0" \ X

Céz2um
1. yol
. 1 1+x|nx
lim | =+Inx lim
x—0" \ X x—>0+
_ 1 1+In )
= |lim | =+Inx lim
Xx—0* X x—>0+
= |im (1 xj lim 1+In( )} lim l
x—0" \ X X—>O+ x—0" X
= |im (l Xj 1. 400
Xx—0" \ X
= |im ( +Inxj_+oo bulunur.
x—0*
2. yol (L'Hospital Kurali ile)

. 1 . 1+x-Inx
lim|=+Inx|= lim | ————
x—0"\ X x—0* X

Burada, L'Hospital kuralini dogrudan

uygulayamayiz. Clnku; belirsizlik, % ya

da 2 biciminde dedildir. Kesrin payinda
0

0-« belirsizligi vardir. Dolayisiyla;
uzatmadan, ¢6zimu “1. yol” daki gibi
tamamlamak daha uygun olur.

Problem -6

lim (x—l)-ln(x2 —1) dederini bulunuz.
x—>1"

CGz2um

1. yol

x—-1=t dénlisimi yapalim:
I ~1)-In(x? -1
Jy (e

— lim t-|n(t2 +2t)

t—0"

= lim | € £+ 2)°
x—0*

— lim Int® + lim In(t+2)"
x—0* x—0*

In( lim ttj+|n( lim (t+2)tj

Xx—0* x—0*
=0 bulunur.

2. yol (L'Hospital Kurali ile)
In(x2 —1)
. 2 T _
Xll_)n;(x—l)-ln(x —1)_Xll_)n;1+—1 L
x-1

o8] T
Burada, — belirsizligi vardir.
0

2X

2
L= lim>xX=1 _ |im
X—1* -

(x-1)°

-2x-(x-1)

=0
X+1

x—1*
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Problem -7

In(cos x)
2X

dederini bulunuz.
X—0

Cézum
1. yol

cosx=1- Zsinzg diyelim:

In l—ZsinZXJ
In(cos x (
L=Ilim ( )= 2

X—0 2)(2

lim

4
X—0

2x2

2sin? g =t donldsimui yaparsak,

x=2-Arcsin\/§ olur.
In 1—Zsin25
[2-2s0? )

L=Ilim
X—0 2)(2
In(1-t
=L=1Iim ( )
t—0 t 2
8| Arcsin,/—
t-Ln-t)

=L=L=Iim
t—0 t 2
8| Arcsin,[=
t 1
=1L =Ilim Aliminf(1-t)t
t—0 t 2 t,0
8-(Arcsin\/;J

Soldaki  limit igin u=Arcsin\/§

dénustmi t =2sinu

olur.

yaparsak,

|

P2 1
=L =lim 25U jim {(l—t)t}
u—»0 8.u t—0

=L =%-In(e‘1)
bulunur.

:>L=—l
4

2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

sin X
In(cos x -
im IN(COSX) .~ cosx
x—0 2)(2 x—0 4x
__In(cosx) = sinx .
= lim ——~2=1Iim - lim
x—0 2x2 x—>0 X x—04cosX
. In(cosx) 1
= lim ———~ =—-=bulunur.
Xx—0 2)(2 4
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Problem -8

- COsX
lim (X—EJ dederini bulunuz.

T
X—>—

CGz2um
1. yol

T . .
x —— =t diyelim.
5 Y

cos(3+t) -
y=t 2 ) = Iny=cos(§+tj-lnt

= lim Iny = lim (-sint-Int )
t—0* t—0*

= lim Iny = lim (_Slnt-t-lnt j
t—0* t—0* t

-sint

= limIny = Iim - lim Intt
t—0* t-»0* t t—0*
= liminy=-1-0=0

t—>0"

= lim y=eO =1
t—0*

- COsS X
= Iim+(x—§J =1 bulunur.

X2
2

2. yol (L'Hospital Kurali ile)

T . .
x —— =t diyelim.
5 Y

cos(3+t)
y=t \?
T
= Iny= cos(§+tj~lnt
= lim Iny = lim (-sint-Int )
t—0* t—0*

Burada, 0-« belirsizligi vardir.

o8] T e . .
— belirsizligine dénustirelim:
0

. . Int
lim Iny = lim
t—0* t—0* 1
sint
1
= lim Iny = Ilim t
t—0* t—0*| —cost
sin? t
. . sint . sint
= limIny = lim - lim =1.0
t—>0* t-0* t t-0*cost

= lim y=eO =1
t—0*

- COsS X
= lim | x-= =1 bulunur.
n 2

X—>=
2
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Problem -9 Problem -10
. eX_eX o .. eX
lim ———— degerini bulunuz. lim — dederini bulunuz.
x—0 X x—0 SINX
) Gozdm
Cézim
1. yol 1. yol
X b s ) x x
e’ =t donldsimi yapalim: lim e_ 1_ lim & 1 lim _x
1 x—0 SInX x—0 X x—0 SINnX
X —X t-= 22
. eX-e . t 1
[im ——— =lim——
x>0 X t-1 Int o im & i &t
_”m(t—l)~(t+1) x>0 SINX x50 X
o1 tent
_lim (t+1) im — 1 eX —1=t déntsumu yapalm:
tol U el 1 gy X =In(1+t) olur.
t-1
. 1 X _
=2-lim - lim £ 1=|im—I 1t "
In(1+t-1)e x->0 X t->0In(1+t)
=2 bulunur. = lim T
202 n(1+t)
t
= lim
t—0 1
In(1+1t)t
_
2. yol (L'Hospital Kurali ile) “Ine
=1 bulunur.

g belirsizligi vardir.

X —X X —X

. e’ -e . e’ +e
lim —— = lim
x—0 X x—0
X —X
. e’ -e
= lim ——— =2 bulunur.
x—0 X

2. yol (L'Hospital Kurali ile)

g belirsizligi vardir.

L eX-1 eX
lim =— = lim
x—0 SiNX  x—0 COSX
X
. et -1
= lim =1 bulunur.

x—0 sIinX
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Problem -11

X —X

. et -e o .
lim ———— degerini bulunuz.
x—0 Ssinx
CGza2um
1. yol
.eX-eX o [eX-e* X
x—>0 sinx x—0 X sinx
. eX_e™X X
= lim < lim —
x—0 X x—0 Sin X
. _eX_e¥
= lim
Xx—0 X

e* =t dénusimu yapalm:

¢ 1
X aX -
lim&—¢  _jim—t
x—0 sinX t—>1 Int
t-1) - (t+1
i (£ D) (£ 1)
t—>1 t-Int
+1
=Iim( . )-Iim 1 1
t—1 t—1 Int
t-1
2. lim 1
t—1 1
In(1+t-1)t-1
=2 bulunur.

2. yol (L'Hospital Kurali ile)

. eX_eX eX yeX
[im —— = -
x—0 Ssinx x—0 COSX
X —X
. e’ -e
= lim ———— =2 bulunur.
x—0 SinX

Problem =12

lim _x=1 dederini bulunuz.
X1 In(x2 —1)

Cézuim

—00

0+
Bir belirsizlik yoktur. | —

lim ————=0

Problem =13

im In(x-1)

dederini bulunuz.
x-1" In(x2 —1)

CGza2um

1. yol

0 In(x-1) In(x -1)

. 1
_x“—r>r1] In(x +1)
1
In(x-1)
_ 1
1+In—2
—o0
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2. yol (L'Hospital Kurali ile)

0 TRV
— belirsizligi vardir.

o0
I 1
nix-1
x—1° In(xz—l) x>l 2X
xc -1
. X+1
= lim
x—1" 2X
=1

Problem -14

lim 1-x degerini bulunuz.
x->1 Inx
CGz2um
1. yol
1-Jx =t doéntsimi yapalim:
lim 1 - Jx lim—t
x—1 Inx t—>0|n(1_t)2
= lim
t—0 1
2-In(1-t)t
1
=—-=bulunur.
2

2. yol (L'Hospital Kurali ile)

g belirsizligi vardir.

-1

lim ﬂ = lim &
x>1 Inx  x»1 1
X

= —l bulunur.
2

Problem =15

etanx _

lim ———= dederini bulunuz.
x>0 tanx

CGz2um
1. yol

el@X _1 -t donlisimi yapalim.
tanx =In(1+t) olur.

tanx _

lim = lim
x—0 tanx t—>0 In(l + t)

= lim
t—0 1
In(1+1t)t

=1 bulunur.

2. yol (L'Hospital Kurali ile)

g belirsizligi vardir.

tanx efdnx (14 tan? x
. e -1 .
lim = lim
x—0 tan X t—0 (1 + tanz X)
— lim (etanx)
t—0
=1 bulunur.
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Problem =16

2X
lim
x—0 tanx

dederini bulunuz.

Cézim

1. yol

e 1 (e -1 x
lim = lim .
x—0 tanx x—0 X tanx

2x 2X X

. -1 .
= lim = lim

1

2x

e“* —1=t donldsimui yapalim.

x=l-ln(1+t) olur.
2
2x_1 2X

. e . e
lim = lim
x—0 tanx x—0 X

I
- 5-In(1+t)
. 2
= lim
-0 1
In(1+1t)t

=2 bulunur.

2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

e _1 2.e2X
lim = lim ———
x—0 tanx Xx—0 1+tan2 X
2X
. et -1
= lim =2 bulunur.
x—0 tanx

- lim
x—0 tanx x>0 X x—0 tanx
—_—

Problem =17

e4x _ a3X
lim dederini bulunuz.
x—0 tanx
Cazaum
1. yol
e4x _ e3x ) e4x _ e3x X
lim =— = Iim .
x—>0 tanx x—0 X tanx
) e4x _ e3x ) e4x _ e3x
= lim —— = lim - lim
x—0 tanx x—0 X x—0 tanx
———

1

e* =t dénlsimi yaparsak x =Int olur.

e4x _ a3 ) e4x _ e3x
I = lim

x—»0 tanx x—0 X

t4 - ¢3

=lim
t>1 Int

=lim L
t—>1 (i)
Int\t-1
t3

In(1+t- 1)(%)

=lim
t—>1

_ 1
Ine
=1 bulunur.

2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

) e4x_e3x ) 4.e4x_3.e3x
[im — = lim
x—0 tanx x—0 1+tan2X
4x 3x
. e —e
= lim —————=1 bulunur.

x—0 tanx
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Problem -18 Problem -19
o . sinXx —cosXx o
lim m degerini bulunuz. lim ~ax_n degerini bulunuz.
x—>1 1_-x x—>% X—-7
Céz2um
Ggza2um
1. yol ¢
. X+4+cosnx . X-1+1+cosnx 1. yol
lim ————=lim
x-1 1 -x? x—>1 1-x2 sinx —sin| =~ — x
. sinx—-cosx . 2
[im —————— = lim
fimy X+ COS X X—% A X—% Ax -
= lim———
x—1 1—X2
.oox-1 .1+ cosnx
= lim 2+“m1 2 2sin|x-"|.cos*
©ll-xt ol 1-x i sinx—cosx_l. 4 4
2cos? *x M ax-rx . T
.oo-1 . 2 X—>— X 4l x -2
= lim + lim ——=%— 4 4 4
x=>114+X x-1 1—X2 \/_
. sinx —cos X 2
s2(m T = lim ————==—bulunur.
4 2sin [—Xj L AX-m 4
=—+Ilim
2 x>l 1—X2
Zsin[n—nxj-sin[n—nx)7t
=_?1+ lim 2 2 2 2 )2 2. yol (L'Hospital Kurali ile)
x-l Z1-x)-(1+x)
2 0 S,
i 0 belirsizligi vardir.
1 0-5 . .
=?+2'1~T lim SINX=COSX _ . . COSX+sinx
-1 x—T 4x - x—T
=— bulunur. 4 4
’ — |jm SINX-coSx 2 bulunur
n 4x-n 4 '
2. yol (L'Hospital Kurali ile) *>a
0 R
0 belirsizligi vardir.
. X+cosnx . 1-m-sinnx
lim = lim
x—1 1—X2 x—1 -2X
. X+4+cosnx -1
= lim —————=—bulunur.
X—1 1_)(2 2

10
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Problem -20

1- cos(l - cos x)

lim
6x2

X—0

dederini bulunuz.

Céz2um
1. yol
1-cosa = 2sin? % esitligini kullanalim:

1- cos(l - cos x)

lim
x—0 6X2
1-cos (2 sin? ;J
= lim
Xx—0 6X2
2sin? (2 sinZ ;J
= lim
Xx—0 6X2
2 2 X > x ¥ [ x2 i
2sin“|2sin© = |-|2sin© = | | =
2sr3) (25 3 [
= lim
x—0 X 2 2 2
6x2 .| 2sin? 2| .| 2
2 4
. 1-cos(1-cosx)
= lim
x—0 6X2
4
= lim L.1.4.1.X_
x>0 6x2 16
=0 bulunur.
2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

1-cos (1 - cos x)

lim
6x2

X—0

. sin(1-cosx)-sinx
lim

X—0 12-x

__sin(l-cosx) . sinx
= lim - lim

X—0 12 Xx—>0 X
=0 bulunur.

Problem -21

. COSX - COS o
lim 93X~ COSY dederini bulunuz.

X—Yy X-Y
Céz2um
1. yol
lim COSX —Cosy
X—Yy X-Y
(x-y) . (X+Yy
-2 .
_ sm( 5 Jsm( > j
= lim Xy
X—Y -
2
)
=-siny bulunur.
2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

x'e gore tirev alinir:

. COSX-—cCosy
lim —————1 =
X—Yy X-Y

. —sin
lim —2Y
xoy 1
= -siny bulunur.

1"
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Problem -22 2. yol (L'Hospital Kurali ile)
e -e4+2x o 0 belirsizligi vardir
lim ———== degerini bulunuz. 0 g .
x—0 X +Ssinx
oeX_eXy2x . eXye X2
lim-——— = lim ————
x—>0 X +sSinx x—0 1+ cosx
X X
= lim w =2 bulunur.
x—0 X +sinXx
CGz2um
1. yol
Y Problem -23
eX_e™X 5
X —X —_— + H
lim & € *2X _ Jim X _ lim ——=X__ degerini bulunuz.
x—>0 X +Ssinx x—0 1+SInX x—0" /1 - cos x
Ll
X _ x 3
. et -e -
lim ==+ lim (2)
_ x=0 X x.—>0
lim (1) + lim sinXx Coztim
X—0 x—>0 X
1 1
. N
L, igin, €* = tdénlstimu yapahm: lim = iy, SR+ c08X
1 x-0 V1_ rnev x-0 \/‘I_r\r\cvx 14+ rNnev
e —e™ Tt lim, SipX=—=lLcosx
Ly = lim = lim =am
1750 X t>1 Int x=0 1- cos’x
im (E21)-(E+1) - sinx' Y1+ cosx.
T t51 t-Int = Jim. ‘/sinzx
t+1 /
= lim ( ) -lim 1 _ . sinx" Y1+ cosx
to1 t to1 1 = lim, | |
. 1-Int x—0 sinx
1 _ lim sinx -+/1+ cosx
=2 lim ————— o0 —sinx
In(1+t-1)t1 = lim (—/1+cosx)
X—0"
=2 olur.
-2
eX_eX42x 242
lim - =
x—>0 X +sSsinx 1+1
X a=X
= lim u =2 bulunur.
x—0 X +sinx

12
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Problem -25
Problem -24 . 1-cos3x .
lim ————= degerini bulunuz.
x—0 X-Sin2x
sin2x . ..
lim ———== degerini bulunuz.
x>(Zy V1=sinx
2
CGz2um
1. yol
i 1_COSSX=Iim (1—cosx)~(1+cosx+coszx)
- x>0 X-Sin2x  x-0 X-2sinX-cos x
cozum {1 - [1 —2sin? (lﬂ} . (1 +Cos X +cos? x)
im sin2x im sin2x-+v/1+sinx — lim 2
— x—0 . (X X
xos(Zy N1=8inX ™ J1-sinx -\1+sinx X'“'”(g]"m(g]'cosx
2 2
.2 X 2
i sin2x-m i 2sin (§J~(1+cosx+cos x)
X_)(Ey 1—sin2x x>0 x~4sin(§]~cos(gj~cosx
2
~ lim sin2x-+/1+sinx 23in(§]~(1+cosx+coszx)
= — = lim
x—>(%)‘ Jcos? x x>0 4.x ~cos(§]~cosx
= lim sin2x -1+ sinx sin(gj~(1+cosx+cos2 x)
x—>(z)‘ |COS X| = ll—% X X
2 (§]~4~cos(§)~cosx
_ im 2-sinx-cosx-v1+sinx 3
(LY’ —COS X 4
2
= lim (-2-sinx-+1+sinx)
x>(Z)
2 2. yol (L'Hospital Kurali ile)
=242
% belirsizligi vardir.
1- cos® x
x—0 X -Sin2x
_ 3cos? x - sinx
x—0SiN2X + X - 2.€0S 2X
_ lim 3cos? x
X205 cosx + 'Xx .2.CoS 2X
= 3 bulunur.
4

13
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Problem -26

X—>00

Céz2um

)!iﬂ;lo(cos\/x+a—cos&)
[—ZSin X+2+&~sin x+a—\/;]

= lim

X 2
[ Uxrasdx - (Wx+a-Jx)-(x+a+x)
= lim | -2sin -sin
x| 2 2(x+a —+/x)
= lim | -2sin X+a+&~sin a
x| 2 2(\/x+a+x/;)
= lim —2sinM - lim sin*
X—>| 2 x>0 2Xx+a+x)
=0.0
Problem -27
. sinx —tanx o ..
lim ————— degerini bulunuz.
x—0 X3
CGéz2um
. sinx—tanx . sinX -cos X —sinx
im ———=Ilim
x—0 X3 x—0 X3 .COS X
. sinx . cosx —1
= lim - lim
x>0 X x-0 X2~COSX
. X
—2sin?| 2
. 2
=1 Im ———=

x>0 x2.cosx

ol

= lim

x>0 2.5.2.5.(;03)(
2 2

1

-2

bulunur.

lim (cos\/x+a —cos\/;)deg“jerini bulunuz.

|

Problem -28

1—cos(x2)
lim dederini bulunuz.
x—0 1-cosx
CGz2um
2
vk
1—cos(x2) 2-sin (2 J

im —=Im — —~
x—>0  1-cosx x—0 .2 X
2-sin >

= lim
x—0 . X x2 1
2-sin—--sin—-—-—
2 2 2

=2

bulunur.
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Problem -29

e¥ —e X -2x

lim dederini bulunuz.
X—0 X3
CGz2um
1. yol
X = tdoénlslimU yapalim:
1
coeX e -2x ;- 2Int
lim =lim =L
x—0 X3 t-1 (Int)3
Bir de v/t =u donlisimi yapalim:
t—l—ZInt
L=Iim 3
t>1 (Int)
uz—iz—4lnu
=L=lim D
u=1"8.(Inu)
uz—i—2u+g+2u—z—4lnu
. u? u u
=L=1Iim 3
u-1 8- (Inu)
eds
-L=lim—" 2
u-1 8- (Inu)
1 u—l—ZInu
; u
+=-lim
4 u-s1 (|nu)3
u+1l
SRS
8.u? -(Inu) 4
—L-= u+l RET
1P
n(1+u-1ju1
:>L=l l L
4 4
1
:>ng bulunur

2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

eX_e™X_2x
lim ——F

x—0 X3

ef+e -2

3x2
. eX_eX
lim ————
x—0  6X

lim

X—0

. eXpeX
lim ————
X—0

=l bulunur.
3

Problem -30

. X-sinXx
lim
X—0 X3

dederini bulunuz.

CGz2um
1. yol

sinx = 33in§—4sin3§ oldugundan,

. X . 3 X
X —3sin> +4sin3 2

. X-sinx .
lim =lim
x—0 X x—0 X3
. X . 3 X
. X —-3sin= 4sin® 2
. X-=sinx . . 3
= lim =lim + lim
X—0 X3 X—0 X3 X—=0 X3

Esitligin soluna L deyip sadindaki ilk
terimde de x =3t donlsimu yapalim:

X —3sin~ 4sin® X
L=lim 3 lim——5-3
x—0 X x—0 X
. 3X
3t-3sint . 4sin”
It—>0 27.-t3 )|(I_I‘:‘(1) 3
27-(ij
3
L= 7Imt sint ﬁ
9 ts0 {3 7
:L:1~L+ﬂ
9 7
:>L=1 bulunur
6
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2. yol
lim X=X _ | deyip x=2t dénisimi
X—0 X3
yapalim:
L= I|m X—=SINnX

X—0 X3

. 2t-sin2t . 2t-2sint-cost
=L=Ilim =lim

t—0 8t3 t—0 8t3

. t-sint+sint-sint.cost
=L=Ilim

t—>0 43

_gj sint-(1-cost

L= jimizsint o, sint( )

4150 2 50 443

1 sint-2sin£-sin1
—L=—-L+lim 22

4 t—0 413
:>L=1~L+1

4 8
L= lim X=X _ 1 puunar,

x—>0 x 6

2. yol (L'Hospital Kural ile)

% belirsizligi vardir.

. X-sinx . 1-cosx
lim = |lim
Xx—0 X X—0 3)(2
. Ssinx
= lim
x—0 6X

= l bulunur.
6

Problem -31

e —e X -2x

lim . dederini bulunuz.
x>0 X —sinx
CGz2um
1. yol
.eX—e*-2x
lim ——
x>0 X -—sinx
X e X2x x3
= lim —— lim ———
x—0 X3 x—0 X — SinX
(S ——
L, L,

Problem-28'de L, =% ve Problem-29°'da

L, =6 oldugunu bulmustuk.

e¥ —e X -2x

lim =Ly L
x—0 X -sinXx 1=
X —X
S im&E = =X 5 o
x>0 X -—sinx
2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

e¥ —e™* - 2x

X — Ssin X

X ye X2
= |lim ———=
x—>0 1-cosx

. e
= lim
X—0

lim
X—0

X —X

-e
sin X
. eXyeX
= lim ————
x—0 COSX
=2 olur.
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Problem -32

eXtreX-x?-2

lim 5 5 dederini bulunuz.
x=>0  sin x - X
Cézum
1. yol
e X-x?-2
L=lm———5—
x>0 sin® x - X
2
(ex/z _ e—x/z) _x2 4
=L=1Iim - lim
x—0 X4 x—0 sin2 X — X2

Esitligin sadindaki ilk terimde x=2t

donlisimi  yapip islemin  dadilma
ozelligini uygulayalm:
2
(et - e‘t) - 4t? 4
=L =Iim - lim
t—0 16-t* x>0 sin? x — x°
I‘1
—_——
t_ -t
—L = lim e-e -2t
t—0 3
L2
—_——
_et—eti2t
lim
t—0 16-t
L3
——
fim X
x—0SinX — X
L4
——
. X
- lim

x—0 SiNX + X

Problem-28'den L, =

1
3 I
Problem-21'den L, =%,
Problem-29'dan Ly =-6 oldugu goérulir.

1 1
L, =— olup L=-— elde edilir.
475 p 7

2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

ereX-x?-2 . e-eX-2x

lim = lim -
x>0  sin?x - x2 x—0 2 SiNX - COSX — 2X
ef+e -2
T x50 2C0S2X - 2
eX _e—X

Im _7
x—0 =4 sin2x
eX 4%

x—0 —8 cos 2x

= —l bulunur.
4

17
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Problem -33

1.2
1-—-x“ —cosx
lim dederini bulunuz.
x—0 X4
CGézum
1. yol
x =2t dénldsimil yapalim:
2
. 1-5x" - cosx _1-2t% —cos 2t
L= lim = lim
x—0 x4 t—>0 16t4
2 a2
L= fim SNt
t—>0 8t4
L lim (t—sint)-(t+sint)
t>0 8t

Burada; paydayi t2 . t2 diye ayirmak
ise yaramaz. 3.t diye ayiralim.

(sint—t)-(sint+1)

=L =Ilim
t—0 at4
. sint—t . sint+t
=L =Ilim - lim
t>0 3 t>0 8t
. sint—-t | . sint . t
=L =Ilim -1 lim + lim —
t>0 3 t>0 8t t-08t
= im SN unur,
4 t>0 3
, . sint—t 1 o
Problem-29’dan lim =—— oldugu
t—0 t3 6
goraldr.
L=—l olur.
24

2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

g
|

Problem -34

lim (cotzx—lzj dederini bulunuz.
x—0 X

Cézum

1. yol (L'Hospital Kurali ile)

. 1 . [cos’x 1
L = lim | cot? x - — |= lim -
x—0 X x-0| sin“x X

= lim L -——-1
~x-0lsin?x X2
[ x?—sin®x
=-1+Ilim| —————
x-0( x2.sin? x
Burada L'Hospital Kuralini

uygulamak islemleri uzatir.
Parantez igini pargalayalim:

hemen

L=-1+lim

x—0

X—sinx X X+sinXx
X sinx

8 sinx
. X +sinx
lim -
x—=0\ sIinXx

. X—sinx) . X
=-1+Ilim “lim | — .
X0 x3 x—0\ sin x

=—1+|im(1_°°23"j.1-2
x—0 3x

—_1+2-1im (ﬂj
x—0 - X

=- bulunur.
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2. yol

. 1 . [cos’x 1
L = lim | cot? x - — |= lim -
x—0 X x=0| sin“x X
. [1-sin’x 1
= lim ——
x>0\ sin“ x X

= lim L —i—'l
“xo0lsin?x X2

2 P2
=—1+Iim(x —n XJ

x-0| x2.sin? x

Parantez icini 1. yoldaki gibi parcalayalim:

L=—1+ Iim(x_smx

3

X X+sinx).
X sinx

x—0 sinx
. —sin . . in
L=—1+I|m(x > Xj-nm( X ]-nm(xfs" Xj
x—0 X x=0\ SINX ) x>0\ sInXx
L, 1 2
. X-sinx 1 o
Problem-29’dan Ilim =— oldugu
x—0 X3 6
goraldr.
2
L=-= olur.
3

Problem -35

X + sin(?’” Xj
. 2
im—-—=_ 7
> os| Ex
2

dederini bulunuz.

Cézim

X + sin 3—”x X + Sin 3—ﬂx
. 2 . 2
L=Iim—- -————=|Im———<¢
1 0| Ex *>1gin g(1—x)
2 2
x—1+1+sin(3ﬂxJ
. 2
=L= I|m1
X—> - T
Z(1-
sm{z( x)}
T
_ 5(x—l)
=L= I|m1
X->1 7 . T
2-sm{2(1—x)}
—sin3—”+sin 3—ﬂx
. 2 2
+ lim

X1 sin{;(l = x)}

1. yol

>L=-=
T

Zsian(x - 1)} : cosrjrZ (x - 1)}

+ lim

X—1 .|
sin| —(1-
(30
=>L= _2 bulunur.
Vi
2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

. (37: J
X +sin| =X
. 2 .
im —=_ 2 = [im

X—1 V4 X—1
Ccos E X

1+3—”-cos 3—”x
2 2

_g.sin gx
2 2

bulunur.
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Problem -36

sinx
- cos2x
lim —X dederini bulunuz.
x—0 X2
CGz2um
1. yol
sinx
= - cos2x
L = lim —X
x—0 X2
. SinX —X-cos2x
= lim
x—0 X3
. SINX—X+ X —X-C0S2X
=L=Ilim
x—0 X3
. SinX-X . X-—X-C0S2X
=L=Ilim———+ lim —————
x—0 X3 x—0 X3
Ll LZ

Problem-29'dan L, =—% oldugu goralar.

.2
=Iim25|n x=2

. X —X-C0S2X
L, = lim
x—0 X2

x—0 X3

olup ng elde edilir.

2. yol (L'Hospital Kurali ile)
Siﬂ—cost
. X . sinx — X - €os 2X
lim = lim
x—0 X2 x—0 x3
. COSX —COS2X + 2X - sin2Xx
= lim
x—0 3)(2
_im —-sinX + 4 -sin 2x + 4x - C0S 2x
x—0 6X
_ lim —COSX +12-c0os2x — 8x - sin2x
x—0 6
11
=-— bulunur.

Problem =37

lim|[—X___1 dederini bulunuz.
x-1 Inx

CGz2um
1. yol
11 PSR TIPS S S P
x->1\x-1 Inx x—1 x-1 Inx
:>L=1+Iim(L—ij

x—»1{x-1 Inx

Ly

X = t? donltsimi yapalm:
L, = lim[ X - L) jim( 11
x>1\x-1 Inx) t->1lt?2_-1 2-Int

IV R S S
Cts1{g2 -1 2(t-1) 2(t-1) 2-Int

Stim -t L
t—>12(t2_1) 2 t>1lt-1 Int
1
—_—4+Z.L
2721
=L =-= olur.
L=1+L,
:L:% elde edilir.
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2. yol (Fatih Saglam) Problem -38
lim (L—isz deyip lim M dederini bulunuz.
x->1{x-1 Inx Xx—3 X-
X =% donltsimi yapalm:
1
Lotim(-X 1 ) iml ot 1 Cézim
x->1{x-1 Inx) t-1]|1 1 1
t Mt
(e ) 1. yol
t-1\1-t Int In3
(11 B g |
:‘Lml(ﬁ‘ﬁj L= lim9%3=1 i Inx_~
x—>3 X-3 x—3 X-3
=1—1lim 1+L_i . IN3-1Inx
t->1 t-1 Int = lim —————
x-3(x-3)-Inx
=1-Ilim (L—i] X
t-1lt-1 Int InZ 1
SL-1-L - lim —3 . lim —
1 x-3(3-x) x-3Inx
=L== olur
2 X
1 In=
; 3
=—lim —_
In3 x-3(3-x)
L
2. yol (L'Hospital Kurali ile) L
_ X 1 _ 1 1 = =1+t dénlsimi yapalim:
lim (__] lim (1+ __] 3
x> \X=-1 Inx) x-1 x-1 Inx
X
14 Jim INX—x 1 NS n(1+t)
x-17 (x —1)-Inx Ly = lim = lim ———=
INX - X +1 X—>3(3—X) t->0 -3t
=1+ lim ————— -1
x-17 (x —1)-Inx ‘s
; 3
0 =lm’(1)|n[(1+t) }
Esitligin saginda o belirsizligi vardir. _)1
1 -3
lim (L_L):pr Iim;—_l Lo 1 -1 Lo -1 bulunur
x-1(x~1 Inx X_’1+Inx+1—§ “In3 3 “In27 '

_ 1
2
=1+ lim —X
x—1* l+i
X x2
:l bulunur.
2
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2. yol (L'Hospital Kurali ile)

g belirsizligi vardir.

I3 _
L= 1im °%3-1 _ i Inx
x—3 X-3 x>3 X-3
_—l-ln3
X
_ Jim In®x
X—3 1
-1
=—— bulunur
In27

Problem -39

In(x*-1)-in8
lim ——~.—— degerini bulunuz.
X—3 X-3
Céz2um
1. yol

x2 -1

=1+t donldsimi yapalim:

In(xz—l)—lns 1 21
lim = lim -In
x—3 X-3 x—3| X -3 8

= lim

1
——In(1+t
t-0| v9+8t -3 ( ! )}

1
:m)_—g_js _3~In(1+t)tjl
[t(vorBt+3) 1}
= lim —-In(1+t)t

t—0 8t

= E bulunur.
4

2. yol (L'Hospital Kurali ile)

g belirsizligi vardir.

2X
|n(x2 —1)—In8 5
lim = lim X2 =1
X—3 X-3 x-»3 1
:E bulunur.
4
Problem -40

lim log,3-1

——=2x=_ - dederini bulunuz.
x>3In(x? - 1)-In8

CGéz2um
1. yol
L= lim—199%3-1

x>3In(x? 1) -In8

:Iimlogx3_1~lim X-3
x>3 X-3 X—>3In(x2—1)—ln8
Ll
LZ
Problem-37'den L, _ 1,
In27

Problem-38'den L, =% oldugu goralar.

L=-—

elde edilir.
9.In3
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2. yol (L'Hospital Kurali ile)

% belirsizligi vardir.

n3
lim log,3-1  _ lim Inx
x—3 |n(x2 —1)—In8 H3|n(x2 —1)—In8
_—1~In3
X
= lim In“ x
Xx—3 2x
x2 -1
=- 4 bulunur.
9.In3

Problem =41

azk-7 ve keZ olmak lzere,
1

. inXx x- N
lim (SJX @ degerini bulunuz.
x—a\ Sina

Cézum

1. yol

1
(sinxjx—a 1 (sinx]
Y=|=Z = Iny=——In|—
Sina X—a Sina

= lim (Iny) = Iim{ 1 -|n(smxﬂ

Xx—a x—a| X —a sina

sinx SRR
—— =1+t donlsimui yapllirsa;
sina

X = Arcsin[(‘l +t)-sina] olur.

lim (Iny)

X—a

. 1
- !%{Arcsin[(l +t)-sina]-a ~In(1+t)}

. t 1
- !%{Arcsin[(l +t)-sinal-a 'In(1+t)t}

1
= lim . t - AlimIn(1+1t)t
taoArcsm[(1+t)~sma]—a t—0

1
L

L ifadesinde, t yerine x tlrinden
dederini geri koyalim:

t
L=1i
e Arcsin[(l +t)~sina] -a

sinx
—— -1
—~ L = |ijmSha
X—a X-—a
. sinx-sina
=L=Ilim ——
x—a(x-a)-sina

. (x-a X +a
2sin - COS
. 2 2
=L =Ilim

X—a
X—a 2.

-sina
= L =cota bulunur.

lim (Iny) = cota = limy = e elde edilir.
X—a X—a
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2. yol (L'Hospital Kurali ile) O<m<n<1 iken m"™M 5 SN gpyr,
1
y = (Sinxjx—a O halde;
sina _ L= lim x5"X =1 olmaldir,
~ny zliln(g‘nx] x—0
X-a sina
~ lim (iny) - fim In(sinx) -In(sina)
X—a X—a X—-a
cos x 2 \ ) _ _
~ limIny = lim SINX » YO (L'Hospital Kurali ile)
X—a X—a
:)I(iTalnyzcota y:xSi”X
: _ cota o )
= )I(ITay =e elde edilir. —lny = |n(xsmx)
=Iny=sinx:Inx (x>0)
= lim Iny = Iim+(sinx-lnx)
Problem -42 x>0 x>0
lim (x5"%) degerini bulunuz. lim Inv = i Inx *©
X—>0+( ) ? - xl>n8+ ny an8+ 1 ©
sin x
1
Gozim = lim Iny = lim X
x—0* x—0*t| —cosX
)
sin® x
1.
vol . . —sinx - sinx
= lim Iny= lim [2X-5MX
x—0* x—0t\ x-cosx
lim (xsi”X)=L deyip x =2t déniisimii . . (=sinx) .._ (sinx
X—07* = lim Iny= Ilim - lim
) x—0* x—0* X x—0*\ cosx
yapalim: ]
. = |lim Iny=0
L= lim (xs'”x) x—0"
+
x=0 _ _ = |lim y=eO
—L= lim (2t)s'”(2t)} x>0
t-07L = Iim+(xs'”x)=1 bulunur.
~L= lim 25‘”(2”] lim [tS‘”(Zt)} x>0
t—>0"L t—>0*
1
~L< lim _t(ZSintcost)}
t—>0"L
. lim(2cost
=L=_lim (ts'”t)m( )
t—>0"
SL=12

=L=0 veya L=1 bulunur.
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