
20 I 0 International Conference On Computer Design And Appliations (ICCDA 2010) 
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Abstract-There are a number of ways to describe the 
rheological behavior of rock and soil, in which the 
establishment of differential constitutive equations is intuitive, 
and convenient for application. The paper sets out how the 
linear viscoelastic differential constitutive equations applied in 
ABAQUS. Using Laplace transform, three commonly used 
differential constitutive equations are derived into prony series 
forms for the direct definition of ABAQUS viscoelastic 
parameters. Through a series of examples, the analytical 
solutions of creep and relax are compared with the numerical 
solutions. All comparative results express a fair agreement 
with the analytic solution, so the validity of derivation methods 
is verified. Finally, as a example, the bridge anchorage 
distribution law of displacement field is obtained by visco
elastic analysis. 

Keywords-dijferential constitutive, Laplace transform, 
Prony series, creep, relax, ABAQUS 

I. INTRODUCTION 

There are significant differences on rheological behavior 
between different rock and soil. The rheological behavior is 
obvious in soft rock-soil, but it is so insignificant that it 
could almost be ignored in hard rock. Generally, three 
methods can be used to describe the different rheological 
behaviors of rock and soil. The first is empirical method, the 
empirical formulas of rheology or creep are build on 
laboratory or field testing and actual measurement, and the 
rheological behavior of homologous rock and soil can be 
analysised(1·3], but there are also many limitations and 
regionalities. The second method is based on Boltzmann 
surperposition principle, the integral constitutive equations 
are established to solve rheological problems. This method 
is applicable, because it can effectively describe the memory 
property and the inherited characteristic of rock material and 
the historical process under external influence[4-6]. The third 
method is according to the rheologic medium model, the 
differential constitutive equations are established to analysis 
the rheological behavior of rock and soil. This method has 
been proved in many rheological tests, it not only can be 
applied to describe the rheology phenomenon but also can 
be used in the program of finite element method 
conveniently [7-8]. 
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ABAQUS is one of the most advavced large-scale 
finite element software in the world, it possesses robust 
computing function and extensive simulated performance, 
and it has a large number of different kinds of element 
models, material models and analytic processes, especially 
its good nonlinearity mechanical analysis function is at the 
world leading level. The integral constitutive equations of 
relaxation shear modulus is adopted in ABAQUS 
viscoelastic model, and expanded by prony series form. In 
this paper, the traditional linear viscoelastic differential 
constitutive equations are converted into relaxation shear 
modulus of prony series form for definiting linear 
viscoelastic constitutive equations in ABAQUS[lO]. A series 
of examples show that the ABAQUS numerical solutions of 
prony series form agree with the analytic solutions. 

II. DERIVE LINEAR VISCOELASTIC DIFFERENTIAL 

CONSTITUTIVE EQUATION INTO PRONY SERIES FORM 

The linear rheological models of rock and soil take the 
reflection of creep, stress relaxation, elastic after effect as 
premises, and the assemble medium models are formed by 
series-parallel connections between elastic element (hooke 
body) and viscous element (Newton body). For example, the 
Maxwell model is an elastic element(H) in series with a 
viscous element(N); and the Kelvin model is an elastic 
element in parallel with a viscous element. Based on the H 
model, M model and K model, this paper converts the three 
parameters H-K(Merchant model), H-M(Poyning-Thomson 
model) and four parameters M-K(Burger's model) into 
prony series form of relaxation shear modulus which can be 
called by ABAQUS directly. Finally, on the basis of 
viscoelastic analysis of bridge anchorage, anchorage's 
viscoelastic displacement field distribution is obtained. 

A. Laplace transform of differential constitutive eq uations 
The relation of linear viscoelastic differential constitutive 

relations can be expressed as[ll-12]: 
m dk(J' m dk[; 
t; Pk dtk == t; qk dtk (n;:=:m) (1) 

m d
k 

n d
k 

If P == � >k -k ,Q == � >k -k ' the above formula can 
k�O dt k�O dt 
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be expressed as PO' = Qli, then use Laplace transform(the 

initial value is 0). 

(2) 

In order to obtain the relaxation elastic modulus, put the 
-

constant stain li = &0 into Laplace transform, then & = lio / s, 

the relaxation elastic modulus 0' = Y(s) &0' so 

l(�) = Q(s) s· Pis) 
B. Convert Burger's model into prony series form of 

relaxation shear modulus 

0) 

Burger's model is a H body in series with a K body 
which showed in Fig.l.  

Burger' s model 

Fig.1 Burger's model 
The constitutive relations of Burger's model: 

0' + pl· 0'+ p2· 0' = ql'li+ q2· & (4) 
As pI, p2, qL q2 is expressed by elastic modulus, 

then 

17M EM + 17MEK + 17K EM P _ 17M17K 
p] = 

E E ' 2 - , 
M K EMEK 

q = 17M17K q] = 17M, 2 
E K 

(5) 

Take shear modulus express the three dimensions 
forms: EM -=> 2GM, EK -=> 2GK , 17M -=> 217'M' 17K -=> 217'K' so 

(6) 

Where: 

(7) 

17' - 17M 
17' = 17K 

M -
2(1 + ,ll'M ) 

, K 2(1 + ,ll'K ) 

We take no account of the deformation of viscoelastic 

bulk , where,llK = ,ll'M = ,ll'K = 0.5 . 

Convert Burger's model into Laplace transform, 

Y _ Q]S+q2s2 -�{[ Q] Q] ] (s) - - +-;--�-----:-s(l+ P1s+ P2S2) P2 (s+a)(p-a) (s+ p)(a-p) 
+[ Qp + Q2P ]} 

(s+a)(a-p) (s+p)(p-a) 
(8) 

where: a,fJ=p]+�P;-4P2 
2P2 

Then Laplace inverse transform is applied to the last 

expression, so 

1(1) = q2 [(a_iL). e-al +(iL_fJ)·e-,Bt] (9) 
P2(a -fJ) q2 q2 

Shear relax modulus is requested in ABAQUS, and 

engineer strain is used. Substituting equation (7) into (9). 
G G G GI = M [(-K..-fJ).e-PI +(a--K..).e-al] (0) 

( ) (a -fJ) 17K 17K 
Shear relaxation modulus can be expressed as prony 

series form. 

(1) 

By (10), the series can be expanded into two items: 

G =G +G .eYr1 +G .eYr, (I) 00 ]  2 
Compare (10) and (12), so 

Goo =0, G] = (a
G�fJ) (�: -fJ) . 

GM ( GK ) I G2 = (a-fJ) a-
17'K 

' T] = fJ' 
I T --2 - a 

(2) 

g and T is the normalized result in ABAQUS, that is, 

G g = -.l!.L ,  and so 
(t) G o 

which can be used in ABAQUS. 

C. Merchant model 
One-dimensional Merchant constitutive model is showed 

in Fig.2. 
Merchant E. 

model 
E .. CD ® 'I. 

Fig.2 Merchant model 
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'7K . EHEK '7KEH ' cr +---'-"'---cr = & + & 
EH +EK EH +EK EH +EK 

(15) 

By the same way as B, ABAQUS input parameters of 
Merchant model are obtained. 

(16) 

D. Poyning Thomson model 

One-dimensional Poyning Thomson constitutive model is 
showed in Fig.3. 

Poynting-Thomson 
model 

E" 

Fig.3 Poyning Thomson model 

17 ·  17 (E + E ). 
cr+---M..cr=EH&+ M H M & (17) 

EM EM 
By the same way, ABAQUS input parameters ofPoyning 

Thomson model obtained . 

G 
q=GH+G\I' g _ __ AI __ 

I -
�f+q\J 

III. VERIFICATION OF EXAMPLE 

(18) 

With soil column, the bottom is fixed and the top exerts 
uniformly distributed pressure p or constant displacement u, 
as shown in Figure 4, the model size is 1 mX 1 mx3m. 
Material properties: elastic modulus EK =2.0MPa, 

EM =2.0MPa, internal viscosity coefficient 17K =5.6 x 107 

MPa, external viscosity 17M =5.6 x 107 MPa, Poisson's ratio 

flM =0.25, without regard to viscoelastic volume 

deformation. 
Constitutive models are Burger's model, Merchant 

model and Poyning-Thomson model. Finally we get the 
relationship between time and the axial strain and axial 
stress, in which stress is negative, tension is positive. The 
imposed load conditions are: 
(1) uniformly distributed load: p = 0.1 MPa. 
(2) constant displacement: u = 0.3m 

Table 1 Analytical results and ABAQUS parameters 
Name 

Burger's 
model 

Merchant 
model 

Poyning
Thomson 

model 

One dimension creep analytical solution One dimension relax analytical solution Inputting parameters of abaqus 

p(u) 

� E,I/ I 
u(t)=[EH +EM·e �K ]&0 

Eo = EM = 2.0MPa 

flo = flM = 0.25 

g1 = 0.768, gz = 0.231 

1"1 =0.9316£7
, 1"z =7.0E7 

Eo = EH = 2.0MPa 

flo = flH = 0.25 

g1 = 0.5454545 

1"1 = 1.272727273E7 

Eo = EH +EM =4 . OMPa 

flo = flH =0 . 25 , 

analytical solutions, as well as parameters in the ABAQUS, 
of the three differential equations, as shown in Table 1. In 
the ABAQUS analysis, two steps are set up. The first step is 
the static analysis, and the second step is quasistatic analysis 
for visco-step, the calculation time is 12 years. 

FigA Two dimensional computational model 

Under uniformly distributed load, the creep analytical 
and numerical solutions of Burger's model, Merchant model 
and Poyning-Thomson model are shown in Figure 5. 
Burger's model can well simulate the second stage of creep, 
axial strain increases with time; Merchant model and 
Poyning-Thomson model can well simulate the first stage of 
creep, axial strain increases with time and tends to a 
constant value. Under the action of constant displacement, 

The above parameters are substituted into the formulas 
(14)-(18), you can get one-dimensional creep and relaxation 
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stress relaxation analytical and numerical solutions of the 
three model are shown in Figure 6. Buger model has stress 
relaxation, the stress tends to zero with increasing of time. 
Merchant model and Poyning-Thomson model have 
relaxation properties, the stress approach a stable value with 
the increasing of time. As can be seen from Figure 5, 
analytical solutions of creep and relaxation of the three 
models are consistent with numerical solutions. 
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Fig.S Comparison of axial strain between analytical and numerical result 

� � 
b 

CIl 
CIl 
Ql ... 

+-' 
CIl 

..... 
.� 
>< <t: 

0.0 
·5.0x10· 

.1.0x10' 

·1.5x10' 

·2.0x10' 

·2.5x10' 

·3.0x10' 

-3.5x105 

-4.0x105 

-4.5x105 

-5.0x105 

_5.5x105 

-6.0x105 

0 

- BUI-gel- analytical value 

• Bm'gel' numerical value 

- Merchant analytical value 

... Mel-chant numerical value 

- Poyning-Thomson analytical value 

• Poyning-Thomson numerical value 

� � 00 W roo 1� 1� 100 
Month 

Fig.6 Comparison of axial stress between analytical and numerical result 

IV. ENGINEERING PROJECT 

The pile cap's height of a bridge anchor foundation is 
8.5m, the depth of all open caissons are 46.5m, the seal 
thickness of open caisson foundation is 4m, external 
diameter D=6m, internal diameter d=4.4m, and the wall 
thickness is 0.8m. The calculated loads are showed in Fig.7. 
The downward vertical force is positive, bending moment is 
longitudinal bending, compression on back-end anchor is 
positive, and horizontal force at the direction of main bridge 
is positive. The computational grids of soil mass, open 
caisson and pile cap are showed in Fig.8(a) and Fig.8(b), the 
x of coordinate is longitudinal bridge, the y of coordinate is 
width of lateral bridge, and the z of coordinate directs to the 
end of caisson. Half of the symmetrical structure is 
calculated and analysed, eight-node isoparametric element is 
used in soil mass, open caisson and pile cap, and the 
element number of the half range of longitudinal symmetry 
is 113000. The linear viscoelasticity Merchant model is used 
in fine sand, and the elastic model is used in other soils. The 
calculating parameters are listed in Table 3. 

'--1 

Table 2 Mechanical parameters 

E 
(MPa) 

u 
TJ 

Cl08MP.s) 

H=17688t 

Fine Gravel caisson 
sand 

30 150.0 

0.3 0.25 

1.38 

9.20 11.0 

pile cap 

20000 

0.20 

16.0 

Fig.7 Graph of calculated loads 

Pile 
cap 

32500 

0.20 

15.0 

Fig.8 Mesh of finite elements (a soil, b pile cap and caisson) 
Figure 9(a), 9(b) are the caisson and pile cap horizontal 

and vertical elastical displacement without considering 
creep, the maxium elastical horizontal displacement is 
6.79cm. Figure 10(a), 10(b) are the horizontal and vertical 
displacement with considering creep, the maxium 
viscoelastical horizontal displacement is 12.0I cm. As the 
overall rigid of pile cap is greater, the horizontal 
displacement of pile cap is essentially the same. Taking 
account of creep, the horizontal and vertical displacement of 
pile cap and caisson have increased greatly. 
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Fig.9 Horizontal displacement cloud without considering creep 
(a Horizontal, b Vertical) 

U,Ul 
�LZD4e-Ql 
�LQlle-Ql 
+I.211e-OZ 
+6.30s.-0Z 
...... 393e-OZ 
+2.481e-OZ 
+5.&n.-Ol 

u,u:J 
�L3Ule-Ql 
�L19le-Ql 
+ LOIle-Ol 
+'.72ge-OZ 
+I.63Ge-OZ 
.. 7._0Z 
.. & • ..r;a..oz 

(b) 
Fig.IO Horizontal displacement cloud considering creep 

(a Horizontal, b Vertical) 

V. CONCLUSIONS 

Rock material and rock mass structure are mostly shown 
with the time-dependent mechanical behavior under the 
influence of external forces and engineering environment. 

The viscoelastic constitutive model in general finite element 
software ABAQUS is based on integral type constitutive 
equation of prony series form of relaxation shear modulus. 
For this reason, this paper derives differential-type 
viscoelastic constitutive equation into prony series form in 
detail. Design a series of examination questions, one
dimensional creep and relaxation analytical and numerical 
solutions of Burger's model, Merchant model and Poyning
Thomson model are compared. The results show that the 
formula derived in this paper is correct, the method 
proposed in the paper can be used in geotechnical 
engineering, and has a certain reference value for the other 
linear viscoelastic differential constitutive equations. Finally, 
a project example considering the creep effect is given, pile 
cap and caisson's viscoelastic displacement is sharply larger 
than elastic displacement. 
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