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1. Suppose that, at a party, every two people either know each other
or don’t. In other words, “x knows g” is symmetric. Also, let us
ignore the complex question of whether we always know ourselves by
restricting attention to the relation between distinct people; in other
words, for this problem, take “x knows y” to be irreflexive as well.

Use the pigeonhole principle (and an additional insight) to show that
there must be two people who know exactly the same number of people.

Proof. Use n to represent the number of people at the party. Then for
each person, they must know between 0 and n — 1 other people at the
party. If you number each of the people at the party in some sequence,
then define the function k(i) to be the number of other people that
the ith guest knows. Then k is a function from [n] to [n — 1]. By the
pigeonhole principle, £ cannot be injective; thus there are two people
who know the same number of people at the party.

2. Show that in any set of n 4+ 1 integers, two of them are equivalent
modulo n.

Proof. Any set of n 4+ 1 integers has cardinality n + 1, so it has a
bijection with [n + 1]. Call the set S and choose an indexing bijection
i:[n+1] — S. Then define the function m(s) = s mod n from S to
[n]. Then m o4 is a function from [n + 1] to [n]. By the pigeonhole
principle, it cannot be injective. Thus there exist natural numbers a
and b in [n + 1] that are mapped to the same value by m oi. Then
i(a) and i(b) are distinct elements of S that are equivalent modulo n.

3. Spell out in detail a proof of the second counting principle in Section
20.2: Let A and B be finite sets. Then |A x B| = |A]| - |B|.

Proof. Suppose f : [m] - A and g : [n] — B are bijections. Then
we can construct a bijection h : [m-n] — A x B, defined as follows.



For i € [m-n], by the quotient-remainder theorem, we have a unique g
and r such that 0 <7 < m and gm + r =i. Then h(i) = (f(r), 9(q)).

To show that h is bijective, we will show that it has an inverse, h ™! :
A x B — [m-n]. Since f and g are bijective, they have inverses, f~!
and g~!'. We claim

R ((z,y) = f (=) - m+ g~ (y).

To verify that A1 is a left inverse of h, we calculate

h=Y(h(i)) = h=Y(f(r),g(q)) where gm+7r=iA0 <7 <m
= fHf() - m+g7 (9(0)
=r-m+gq

= 1.

To verify that h~! is a right inverse of h, we calculate

h(h™ ' ((z,9)) = h(f (@) - m+ g (y))
= (f(r),9(q))

where ¢ -m +r = f~1(z) -m+ g !(y) and 0 < r < m. But note that
because g~! has a codomain of [m], the quotient-remainder theorem
tells us that ¢ = f~1(x) and 7 = g~!(y). Therefore

Since h : [m-n] — A x B is a bijection, |A x B| = |A| - |B].
4. An ice cream parlor has 31 flavors of ice cream.

a. Determine how many three-flavor ice-cream cones are possible, if
we care about the order and repetitions are allowed. (So choosing
chocolate-chocolate-vanilla scoops, from bottom to top, is differ-
ent from choosing chocolate-vanilla-chocolate.)

Ans. 313 = 29791.

b. Determine how many three flavor ice-cream cones are possible, if
we care about the order, but repetitions are not allowed.

Ans. P(31,3) = ity = 313029 = 26970,



¢. Determine how many three flavor ice-cream cones are possible, if
we don’t care about the order, but repetitions are not allowed.

Ans. O(31,3) = graigy = 5 = 25570 = 4495.

5. A club of 10 people has to elect a president, vice president, and secre-
tary. How many possibilities are there:

a. if no person can hold more than one office?
Ans. P(10,3) =10-9 -8 = 720.

b. if anyone can hold any number of those offices?
Ans. 103 = 1000.

c. if anyone can hold up to two offices?

Ans. This is the same as above, except we need to subtract the
cases where all three offices are occupied by the same person.
There are 10 people, so 10 ways that could happen. Thus the
answer is 1000 — 10 = 990.

d. if the president cannot hold another office, but the vice president
and secretary may or may not be the same person?
Ans. This gives us 10 choices for president. For each chosen
president, there are 9 choices each for vice president and secretary.
Thus the total number of possibilities is 10 -9 - 9 = 810.

6. How many 7 digit phone numbers are there, if any 7 digits can be
used?

Ans. 107 = 10000000.
How many are there if the first digit cannot be 07
Ans. 9105 = 9000000.

7. In a class of 20 kindergarten students, two are twins. How many ways
are there of lining up the students, so that the twins are standing
together?

Ans. There are 19 slots in which the twins can be standing next to each
other. In each of those slots, the twins could be in one of two orders.
There are 18 remaining students, who can be arranged in any of 18!
orders. So the total number of ways of lining up the students with the
twins standing together is 19 - 18! - 2, or 243,290,200,817,664,000.



8.
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A woman has 8 murder mysteries sitting on her shelf, and wants to
take three of them on a vacation. How many ways can she do this?

Ans. C(8,3) =8!/(8—3)!131 = (8-7-6)/(3-2-1) = 56.

In poker, a “full house” is a hand with three of one rank and two
of another (for example, three kings and two fives). Determine the
number of full houses in poker.

Ans. Choose one of thirteen ranks to be the one with the three of a
kind. To choose the three out of four cards, there are four options.
Choose one of the remaining twelve ranks to be the one with the pair.
To choose the two out of four cards, there are (4-3)/2 = 6 ways. Thus
the total number of full houses is 13-12 -4 -6 = 3744.

We saw in Section 20.4 that

)= () ()

Replacing k + 1 by k, whenever 1 < k < n, we have

n+1\ (n n n
k - \k k—-1)
Use this to show, by induction on n, that for every & < n, that if

S is any set of n elements, (k) is the number of subsets of S with k
elements.

Proof. For the base case, where n = 0, S must be the empty set, and
there is exactly one subset of it with 0 elements: that is, the empty
set itself. This agrees with the formula (8) =1

Our inductive hypothesis is that, for any n, for every k < n, that if S is
a set of n elements, (Z) is the number of subsets of S with k elements.
From this we must prove that for any set with n + 1 elements, and
k<n+1, that ("Zl) is the number of subsets of S with k elements.

Consider the case where kK = 0. Since there is only one subset of S

with 0 elements (the empty set), the answer should be 1, and indeed,
(n+1) — (! 4

0 )= Dl
In the case where k = n + 1, there can only be one subset of S, which
is S. We have (Zj:}) = 0!?;;11)! =1, so that works, too.
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Finally, consider the case when 1 < k < n. To figure out how many
subsets of S (with n + 1 elements) there are of size k, we enumerate
the elements of S. We divide the subsets into two cases: ones that
include the last element of S, and ones that don’t.

The subsets that don’t include the last element are the same as the
subsets of size k of S with the last element removed. By the inductive
hypothesis, that’s (Z) The subsets that do include the last element
also must include k£ — 1 elements from the first n elements of S. Again
by the inductive hypothesis, there are (kfl) such subsets.

Adding these together, we get (Z) + ( kfl), which as stated above equals

(";CH) Thus we have proven the inductive case.

How many distinct arrangements are there of the letters in the word
MISSISSIPPI?

(Hint: this is tricky. First, suppose all the S’s, I's, and P’s were painted
different colors. Then determine how many distinct arrangements of
the letters there would be. In the absence of distinguishing colors,
determine how many times each configuration appeared in the first
count, and divide by that number.)

Ans. Suppose all the letters are painted different colors, so that each
letter is distinct. Since there are 11 letters, there are 11! permutations,
or 39,916,800.

Now, how many ways can we rearrange each of the duplicate letters?
There are four Ss, so they can be arranged 4! ways. There are four Is,
so they can be arranged 4! ways. And there are two Ps, so they can
be arranged 2! ways. This gives us a total of 414!2!, or 1,152 ways.

That means the total number of ways that the letters in MISSISSIPPI
can be rearranged, ignoring rearrangment of the duplicate letters, is
111/(41412!), or 34,650.

Prove the inclusion exclusion principle.
Use the inclusion exclusion principle to determine the number of inte-
gers less than 100 that are divisible by 2, 3, or 5.

There are |[99/2]| 4+ 1 = 50 integers less than 100 divisible by 2. There
are [99/3| + 1 = 34 integers less than 100 divisible by 2. There are
|199/5] + 1 = 20 integers less than 100 divisible by 2.
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To be divisible by both 2 and 3, a number has to be divisible by 6.
There are |99/6] +1 = 17 of these. To be divisible by both 2 and 5, a
number has to be divisible by 10. There are [99/10] +1 = 10 of these.
To be divisible by both 3 and 5, a number has to be divisible by 15.
There are [99/15] + 1 = 7 of these.

Finally, to be divisible by 2, 3, and 5, a number has to be divisible by
30. There are [99/30] + 1 = 4 of these.

By the inclusion exclusion principle, there are 50+ 34 4+ 20— 17 — 10 —
74 4 = 74 integers less than 100 divisible by 2, 3, or 5.

Show that the number of unordered selections of k elements from an

n-element set is (”H,:_l).

Hint: consider [n]. We need to choose some number ig of 0’s, some
number ¢; of 1’s, and so on, so that ig +i1 + ... +i,—1 = k. Suppose
we assign to each such tuple a the following binary sequence: we write
down 7o 0’s, then a 1, then i 0’s, then a 1, then i5 0’s, and so on. The
result is a binary sequence of length n + k — 1 with exactly k 1’s, and
such binary sequence arises from a unique tuple in this way.



