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1. Alternative greedy algorithms for activity selection

(a) Choose an activity with shortest duration, discard all conflicting activities and
recurse
This does not provide optimal schedule.
Consider the following counterexample:
Let there be exactly three activities such that the activity that ends first and the activity that
ends last do not conflict with each other. However, the other activity, which is the shortest
duration, conflicts with both of the other activities. This greedy algorithm would yield only
one activity while the optimal solution has two activities. �

(b) Choose an activity that starts first, discard all conflicting activities and recurse.
This does not provide optimal schedule.
Consider the following counterexample:
let the activity that starts first be an activity that ends after every other event. This greedy
algorithm will yield a schedule that has only one event in this case �

(c) Choose an activity that ends latest, discard all conflicting activities and recurse
This does not provide optimal schedule.
Consider the following counterexample:
Let the activity that ends latest also start before all other activities. This greedy algorithm
will yield only one event in this case. �

(d) Choose an activity that conflicts with the fewest other activities, discard all con-
flicting activities and recurse
This does not provide optimal schedule.
The following illustration is is a counterexample:

The figure on the left shows the initial state. Clearly the optimal solution is of length 4. The
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numbers in the squares indicate the number of conflicts that box has. The second state shows
that this greedy solution yields only three activities and is thus not optimal. �

2. (a) Prove that the greedy algorithm described in class - Choose the activity that ends
first and recurse - does not always return an optimal schedule.
This does not provide optimal schedule.
Consider the following counterexample:
Let there be an activity who’s value is greater than the sum of all other activity values that
begins before any other activity ends and ends after all other activities. The greedy algorithm
will not return the optimal solution in this case because the algorithm will not select this
activity.

(b) Let the jobs be sorted by end time as before.
Let vi = the value of the ith job.
Let xj = the largest index i < j such that job i does not conflict with job j.
Let m(j) be a function that maximizes the value achievable from jobs 1, 2, . . . , j
We will define m(j) recursively with the base case: m(0) = 0 and for j > 0:

m(j) = max(vj +m(xj), m(xj−1))

Our task is to describe an algorithm that runs in O(n2) time. A naive solution that simply uses
the above recurrence would run in exponential time because as n gets larger and larger, the
number of recalculated subproblems explodes (just like a naive Fibonacci algorithm). With a
dynamic program we can do much better. In the following pseudocode we will assume that
the jobs have already been sorted by end time and that all xj values have been computed. It
also assumes that an array of size n called arr has been created and initialized to values of −1.
Since we want the actual optimal schedule instead of just the value of the optimal schedule we
also assume the existence of a linked list which the algorithm will populate with the solution
called solution.

Algorithm 1 Compute the optimal weighted schedule

function OptSolution(j)
if j = 0 then

arr[0] = 0
return 0

end if
if arr[j] = −1 then

jV al← vj +OptSolution(xj)
iV al← OptSolution(xj−1)
if jV al > iV al then

arr[j]← jV al
solution.add(j)

else
arr[j]← iV al

end if
end if

end function

The running time of the solution is the sum of the time to sort, the time to calculate the xj ’s,
and the running time of OptSolution. The sorting will take O(n log n) time is we use an
algorithm like merge-sort. The running time to calculate the xj ’s in the worst case will take
O(n2) time. This will happen when every single job is in conflict with every other job and
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so to calculate any given xj will take O(n) time. Thus the time to calculate n xj ’s will take
O(n2) time. The running time of OptSolutionis O(n) because as any level of recursion there
is a constant amount of work and only recurses if an element in the array is −1. Thus, there
can be at most n recursive calls and so the running time is O(n).

Thus, the total running time is O(n2 + n log n+ n) = O(n2) �

3. (a) In general, the most expensive operation is min-max and so the worst case running time
for any operation after n operations is n − 1 append-number (x) operations followed by a
min-max operation. That min-max operation will then take Θ(n) time. �

(b) Let φi be the number of elements in the list. This is valid because φ0 = 0 and φi ≥ 0 , ∀i ≥ 0

Now we will consider the amortized cost of both append-number (x) and min-max :

append-number (x) : ai = ci + φi − φi−1 = 1 + i− (i− 1) = 2

min-max : ai = ci + φi − φi−1 = i+ 2− i = 2

And thus the amortized cost is O(1). �

4. (a) For f(n) = n if n is a power of 2, and f(n) = 1 otherwise:
The total cost can be bounded as follows:

n∑
i=1

ci ≤ n+

blognc∑
j=1

2j < n+ 2blognc+1 = n+ 2 · 2blognc < n+ 2n = 3n

∴ the amortized cost at step i is 3 �

(b) For f(n) = n2 if n is a power of 2, and f(n) = 1 otherwise:
The total cost can be bounded as follows:

n∑
i=1

ci ≤ n+

blognc∑
j=1

(
2j
)2

= n+

blognc∑
j=1

22j < n+ 2b2 lognc+1 = n+ 2 · 2b2 lognc < n+ 2n2

∴ the amortized cost at step i is 1 + 2n �

5. Question (5) omitted due to Prof. Saia’s instructions
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