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ABSTRACT

The Monte Carlo hypothesis implies a non-trivial interpretation of the prime number theorem. The
Prime Number Theorem says how the prime numbers are distributed but not why. On the other hand,
an information-theoretic analysis of the Prime Number Theorem indicates that they are distributed
in this way because prime encodings are algorithmically random and the prime numbers have a
maximum entropy distribution.

1 An information-theoretic derivation of the density of primes

Let’s define the indicator variable Xp where Xp = 1 if x is divisible by p and Xp = 0 otherwise. From a frequentist
perspective,

E[Xp] = 1 · 1
p
+ 0 · (1− 1

p
) =

1

p
(1)

as the numbers divisible by p occur with frequency 1
p .

Given this frequentist perspective, we may define the frequency PN with which an integer x ∈ [1, N ] is not divisible by
any prime in [1, N ] as:

∀x ∼ U([1, N ]), P (x ∈ P) =
∏
p≤N

(1− 1

p
) (2)

and due to Mertens’ second theorem we have:

− lnPN ≈
∑
p≤N

1

p
≈ ln lnN +O(1) (3)

so for large N , the density of primes is on the order of:

PN ∝
1

lnN
(4)

Now, in order to get an exact asymptotic for (4) let’s suppose there exists a function λN = f(N) such that:

lim
N→∞

∂

∂λN
− lnPN =

∂

∂λN
lnλN (5)
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If two increasing functions f(x) and g(x) have derivatives that agree almost everywhere, limx→∞
f(x)
g(x) = 1 and for

similar reasons we may infer that:

lim
N→∞

− lnPN
lnλN

= 1 (6)

given the assumptions.

It follows that for large N , − lnPN behaves like the entropy of a random variable distributed uniformly in [1, N ] with
frequency 1

λN
. In fact, the asymptotic rate of change in the entropy equals the asymptotic frequency with which a prime

is observed in [1, N ].

Due to Mertens’ third theorem, we may set λN := lnN in (5) so we have:

lim
N→∞

∂

∂λN
(− lnPN − ln lnN) =

∂

∂λN
γ = 0 (7)

where γ is the Euler-Mascheroni constant.

As a result, we have:

PN ∼
1

lnN
(8)

and if π(N) counts the number of primes less than N ,

π(N)

N
∼ 1

lnN
(9)

Finally, given that the density of the primes in [1, N ] is on the order of 1
lnN we may also verify that:

π(N) ∼
∫ N

2

1

lnx
dx ∼ N

lnN
(10)

which tells us how the prime numbers are distributed, but not why.
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2 The Monte Carlo Hypothesis, or the algorithmic randomness of prime encodings

If we know nothing about the distribution of primes, in the worst case we may assume that each prime less than or
equal to N is drawn uniformly from [1, N ]. So our source of primes is:

X ∼ U([1, N ]) (11)

where H(X) = lnN is the Shannon entropy of the uniform distribution.

Now, we may define the prime encoding of [1, N ] as the binary sequence XN = {xn}Nn=1 where xn = 1 if n is prime
and xn = 0 otherwise. With no prior knowledge, given that each integer is either prime or not prime, we have 2N

possible prime encodings in [1, N ] ⊂ N.

If there are π(N) primes less than or equal to N then the average number of bits per arrangement gives us the average
amount of information gained from correctly identifying each prime in [1, N ] as:

Sc =
log2(2

N )

π(N)
=

N

π(N)
(12)

and if we assume a maximum entropy distribution over the primes then we would expect that each prime is drawn from
a uniform distribution as in (11). So we would have:

Sc =
N

π(N)
∼ lnN (13)

In fact, given the assumptions the expected information gained from observing each prime in [1, N ] is on the order of:

N−1∑
k=1

1

k
· |(k, k + 1]| =

N−1∑
k=1

1

k
≈ lnN (14)

as there are k distinct ways to sample uniformly from [1, k] and a frequency of 1
k associated with the event that k ∈ P.

This implies that the average number of bits per prime number is given by N
π(N) ∼ lnN . Rearranging, we find:

π(N)

N
∼ 1

lnN
(15)

which is in complete agreement with the Prime Number Theorem.

2.1 The Shannon source coding theorem and the algorithmic randomness of prime encodings

By the Shannon source coding theorem, we may infer that π(N) primes can’t be compressed into fewer than π(N) · lnN
bits. Furthermore, as the expected Kolmogorov Complexity equals the Shannon entropy for computable probability
distributions:

E[K(XN )] ∼ π(N) · lnN ∼ N (16)

where the identification of E[K(XN )] with π(N) · lnN is a direct consequence of the fact that K(XN ) measures the
information gained from observing XN and π(N) · lnN measures the expected information gained from observing
XN .

However, as it is not possible to prove that a particular object is incompressible within algorithmic information theory
we may experimentally verify the hypothesis (16) that prime-encodings are algorithmically random and prime numbers
have a maximum entropy distribution using machine learning methods.
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3 The Monte Carlo Hypothesis

3.1 Challenges in experimental mathematics

The maximum entropy distribution of the prime numbers and the algorithmic randomness of prime encodings are
naturally divided into two separate challenges.

3.2 Probabilistic Primality testing

The hypothesis that the prime numbers have a maximum entropy distribution implies that the true positive rate of a
primality test with bounded algorithmic information content converges to zero.

The appropriate data for such an experimental verification consists of binary encodings of the integers which for all
prime numbers less than N requires log2N bits for representation.

3.3 Weighted Next-bit test

The hypothesis that prime encodings are algorithmically random implies that a sequence of prime encodings pass the
weighted next-bit test. Given a sequence of N consecutive prime encodings, the probability that a machine learning
model M accurately predicts the next term converges to p ∈ [0, 12 ].

Together, these hypotheses succinctly expressed as:

E[K(XN )] ∼ π(N) · lnN ∼ N (17)

are known as the Monte Carlo Hypothesis. So far both hypotheses have been tested for all prime numbers under 109.
Feel free to check https://github.com/AidanRocke/Monte-Carlo-Hypothesis for a getting-started guide.
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4 Implications for Cramér’s conjecture

Given the consecutive primes pn, pn+1 ∈ P we may define the prime encoding:

Xpn = {xk}pn+1

k=pn
(18)

where xpn = xpn+1 = 1 and xk = 0 for k ∈ [pn + 1, pn+1 − 1].

Now, if we recall that:

∀x ∼ U([pn, pn+1]), P (x ∈ P) ∼ 1

ln pn
(19)

in the worst case the occurrences of pn and pn+1 are independent so we have:

P (xpn ∧ xpn+1) ≥
1

(ln pn)2
(20)

where ln pn < ln pn+1 < ln pn + 1 due to Bertrand’s postulate.

The independence of consecutive primes is certainly possible if Xpn is incompressible or algorithmically random:

E[K(Xpn)] ∼ pn+1 − pn (21)

which is consistent with the Monte Carlo Hypothesis.

Moreover, with (20) we may define the probability that Xpn halts at xx>pn as:

P (halts at xk) ≥
1

(ln pn)2
(22)

so we have:

P (halts at xk≤pn+1) =

pn+1∑
k=pn+1

P (halts at xk) = 1 (23)

and the combination of (22) and (23) implies:

pn+1 − pn = O((ln pn)2) (24)

as conjectured by Harald Cramér.

5 Implications for the Riemann Hypothesis

Experimental verification of the Monte Carlo Hypothesis would imply that knowledge of more informative prime
number distributions is inaccessible to civilisations within the Turing limit.
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